Misconceptions in mathematics common in grades ten, eleven, and twelve by Kroell, Franklin Lewis
Boston University
OpenBU http://open.bu.edu
Theses & Dissertations Dissertations and Theses (pre-1964)
1950
Misconceptions in mathematics
common in grades ten, eleven, and
twelve
https://hdl.handle.net/2144/4752
Boston University
BOSTON UNIVERSITY 
SCHOOL OF EDUCATION 
Thesis 
MISCONCEPTIONS IN MATHEMATICS 
COMMON IN GRADES TEN, ELEVEN, AND TWELVE 
Submitted by 
Frankl.in Lewis Kroel.l 
(B. so. Ed. Bridgewater Teachers College, 1948) 
In partial ful.fill.ment of requirements for 
the degree of Master of Education 
]. 9 5 0 
First Reader: Henry 1I . Syer, Assi stant Professor of 
Education 
Second Reader: Ti illiam H. Cartvfright, Assistant Professor of 
Education 
CHAPTER 
I 
II 
III 
IV 
TABLE OF ~ONT.ENTS 
TEE PROBLEM 
The Source of the Problem · 
Nature of a Misconception 
The Usefulness of the Results 
SUMMARY OF P..ELATED RESEARCH 
Pertinent Findings 
Areas to be Covered 
A. Brief Summary 
TREATMENT OF THE PROBLEM 
TEE RESULTS OF THIS STUDY 
PAGE 
1 
1 
2 
2 
6 
6 
11 
16 
17 
23 
The Entire Test 23 
The Eightee·n Mi sco ncept ions 2.9 
The Misconceptions Determined by the 
R/A Score 32 
Co ncepts Underlying the Items which 
Wer·e Misconceptions That Were l~ot 
Detected 33 
ii 
CHAPTER 
IV (continued) 
Concepts Underlying tpe Items Which 
I Were Not Misconceptf ons but Which 
Were Marked Correctly by 50% or Less 
of the Testees 
Concepts Underlying the Items Wbich Were 
Misconceptions but Wbich Were 
Answered Correctly by More than 50% 
of the Testees 
Item ReJaU,lts 
V CONCLUSIONS AND SUGGESTIONS FOR FURTHER 
BIBLIOGRAPHY 
APPENDIX 
RESEARCH 
iii 
PAGE 
35 
3o 
43 
85 
88 
INDEX TO TABLES 
TABLE PAGE 
I Tabulation to Show Results in Numbers and 
Percentages per Grade and Sex 24 
II Tabulation Showing Twelfth Grade Results 
on the Basis of School and Sex 26 
III Tabulation of Eleventh Grade Results on the 
Basis of School and Sex 27 
IV Tabulation of Tenth Grade Results on the 
Basis of School and Sex 28 
v The Eighteen Misconceptions Arranged by the 
Percentage of Right Answers (in Ascending 
Order) 30 
VI Tabulation of Results for Page "c" Items 45 
VII Tabulation of Reeults for Page "e" Items 53 
VIII Tabulation of Results for Page ni" Items 61 
IX Tabulation of Results for Page "a" Items 69 
X Tabulation of Resul. ts for Page "x" Items 77 
iv 
CHAPTER I 
THE PROBLl!M 
The Source of the Problem 
The problem developed from a desire on the part of the 
author to investigate the causes of errors in mathematics, 
rather than their frequency of occurrence. Discussion in 
a mathematics seminar crystallized the problem into a search 
for misconceptions held by students which result in errors 
in their work in mathematics. The literature revealed an 
abUndance of investigations into the variety and number of 
errors occurring in specific problems and operations in most 
brsnches of the field. Little work, however, had been done 
on the aspect of the cause in comparison to the concern ex-
pressed over the effect. 
There were various avenues open for an attack upon the 
problem including examination of available student papers in 
mathematics and recourse to mathematics teachers for infor-
mation on pupil~held misconceptions. The author's seminar 
colleagues recommended the construction of a test which 
would feature misconceptions as well as true statements and 
problems. This method was followed by the author and it 
proved to be well adapted to making comparisons between the 
various groups taking the test. 
-1-
Na.ture of a Misconception 
The purpose of this thesis is to show the extent to 
which certain misconceptions in mathematics exist in the 
senior high school. The initial problem which arose was 
tbat of distinguishing between a misconception and such 
related terms as error, disability, fallacy, shortcoming, 
1/ 
mistake, and others. Webster's !!!: International Dictionaij 
defines a misconception as: "An act or result of miscon-
ceiving, an inaccurate or erroneous conception." The author's 
colleagues in a mathematics seminar agreed that this defini-
tion, while helpful, did not offer the precise differentia-
tion required. Subsequent discussion reached the decision 
that the term :i.e perhaps best defined as a lack of under-
standing of a concept. 
In this sense an error is that which is done incorrectly 
whereas a misconception is the reason for the error. The 
misconception must first be removed in order to eliminate 
the error. A fallacy implies faulty logic which results in 
an incorrect solution. A disability denotes that a person 
simply cannot do a particular process in mathematics or in 
other lines of work. The term shortcoming means a defect or 
1/W'ebster' s lew International Dictions~ of the English 
- Langa.a.ge, G:& o. Merriam Company, Sprng?ield,Mass., 1947. 
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a failing. A mistake is a misunderstanding or an uninten-
tional error. Usage has tended to make many of the terms 
inter~hangeable, for example, error and mistake. 
Despite the extensive treatment of errors in mathematics 
and particularly in arithmetic, the writer feels that basic 
misconceptions should be of primary concern. As an illus-
tration, a pupil who bad become accustomed to use the ap-
proximation 3 1/7 as the value of pi might come to regard it 
as an exact value, a misconception which wouJ.d lead to 
errors in subsequent more accurate work. If, however, the 
pupil had used 3 2/7 it would have been simply an error and 
not a misconception, unless his established concept of pi 
was the value 3 2/7. Thus it is evident tbat a misconoep-
tion in mathematics is not always as clear out as in such 
fields a s history and geography. ~ikewise it is more diffi-
eul t to find good examples which are of a general type 
rather than being offshoots of one particular problem or 
case. 
The present work is, so far as is known, the initial 
venture into an unobarted section of mathematics. The 
author admits that he felt lost throughout the first stages . 
of work in mathematical misconceptions. The lack of cri-
teria is almost sure to make itself felt in weak points and 
in errors of judgment. If the work done serves as a start-
ing point for further research on the subject, however, the 
author feels that the project will have been worthwhile. 
The UsefUlness of the Results 
Teachers are in the moat favorable position to benefit 
from the results of a stuay of misconceptions in mathematics. 
The facts should become increasingly apparent to them that 
misconceptions lurk behind pupil errors in all math subjects. 
Teachers then may come to realize that misconceptions are 
prevalent to a serious extent and that they are firmly en-
trenched. The individual misconceptions which deserve the 
earliest consideration from teachers either because of their 
frequency of occurrence among pupils or their presence in a 
variety of situations will also be indicated by such a study. 
Final~y, the mathematics teacher will be in a position to 
adapt his teaching to combat existing misconceptions and to 
decrease the possibility of others being propagated. 
School administra.tors will be enabled to apply the re-
sults of individual mathematics teachers to the school or to 
the system as a whole. Textbook writers may voluntarily or 
otherwise become concerned with clarifring material whenever 
it is necessary and by other means do their part in combat-
ing misconceptions in mathematics. Pupils would eventually 
benefit from any or all of these practices by forming con-
cepts in mathematics which are founded on firm foundations, 
so as to reduce the likelihood of misconceptions creeping in 
to cause errors. An overnight revolution in which miscon-
ceptions are eliminated could not be expected; rather a 
gradual awakening based upon the results would be hoped for, 
so that in the long run substantial progress would be made. 
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CHAPTER II 
SUMMARY OF BELATED RESEARCH: 
Pertinent Findings 
A search o~ the literature failed to uncover any refer-
ence to misconceptions in mathematics, requiring that the 
problem be approached largely from the standpoint of con-
cepts. Wbile this lack of material increases the difficult,y 
of justifying the problem on the basis of previous research, 
it also indicates a possible need for work in this direction. 
Misconceptions had been well handled in other fields and the 
conviction grew that similar methode could be applied in 
mathematics. 
By way of introduction, it appears wisest to examine 
misconceptions as a general topic ~iret. Other fields such 
as social studies provided a few clues for methods of di:.EY.-
covering and treating misconceptions common to them. In his 
- !I 
study of misconceptions in Ameriean hietor,y, Kelley reports 
as follows: 
To state that misconceptions in American 
histor,y exist in the minds of many of our students 
is but commonplace. Wbat are some of these miscon-
ceptions ...... these so-called fa.cts thought by many to 
be tru.e but which are actually false ? Can the 
'!] :Paul I. Kelley, "Misconceptions about American History 
Reld by High School Seniors," unpublished Master's Thesis, 
Boston University School of Education, 1947, p. 2. 
prevalence of misconceptions be associated with 
age, sex, or any other method of group classifica-
tion? The purpose of this study is to answer 
these questions and to measure by means of an 
objective test the extent to which some common 
misconceptions about American histor.y prevail in 
the high school senior class: the chief conten-
tion being that should certain misconceptions be 
widespread, then the teachers of American histor.y 
would in the fUture take note of them and stress 
the truth in each case. y 
Gesiak conducted a similar study in geography, using 
fifty-three misconception items and thirty-four true state-
ments in his questionnaire. He found that nineteen of the 
fifty-three false statements were believed to be true by 
over fifty per cent of those taking the test, and he sum-
marized his results in these words: 
In conclusion, this stu~ has proved a num-
ber of geographical misconceptions are prevalent 
in the high school and that pupils with and with-
out misconceptions cannot be segregated on the 
basis of sex, age, interest or experience in geog-
rapbi courses. 
It might be pointed out that a stu~ of misconceptions 
in mathematics cannot be justified on the grounds of appro-
priateness in the field of social studies. As was mentioned 
previously, allusions to mathematical misconceptions are 
§{ Edmond ~. Gesiak, "Misconceptions in Geography Held by igh School Seniors," unpublished Master's Thesis, Boston 
University School of Education, 1948, P• 17. 
7 
hidden in other terms . 
. 1/ 
For example, Bru.eckner- has the 
following views concerning arithmetic: 
Inaccuracy is a characteristic of all pupil 
performance in arithmetic. This inaccuracy may be 
due to any of numerous factors, such as inadequate 
number concepts, lapses in attention, incorrect 
copying, attempt to speed up work excessively, 
lack of control of basic skills in a total process, 
inability to carry through the steps in complicated 
computations in their proper sequences because of 
a short attention span, fatigue, confusion of pro-
cesses, interferences of various kinde, emotional 
disturbances, and so on. 
It is significant that inadequate number concepts 
should have been listed as the primary factor in inaccuracy, 
for they are a rich source of misconceptions. To solve the 
2/ 
problem, Brueckner- advocated the following method of attack: 
What we need most in arithmetic is a list of 
the faults that are valid indices of the operation 
of factors that reduce efficiency of work in arith-
metic, symptoms by which they can be recognized, 
and standard tests by which their seriousness can 
be determined. 
Referring to a d~jgnostic study of multiplication of frac-
tions, Brueckner- cautions: 
This investigation shows conclusively that 
errors in arithmetic processes made by superior 
as well as inferior workers are highly variable 
and that the mental processes involved in arith-
metic cannot readily be explained on a simple 
mechanical basis. 
y Leo J. Brneckner, "Diagnosis in Arithmetic," Thirty-fourth 
Yearbook -of the National Society for the ~{1~ of Education, 
"Educatlona1l5!'a.gnosls", Public Schoo~u s ing Company, 
Bloomington, Illinois, 1935, P• 707. 
y Ibid., P• 278. 
3/ Ibid., P• 290. 
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!I . -
Yarbrough lists seven causes of :failure in aritbmetic, 
among which are the following: 
1. The teacher often has no systematic ~lan 
for teaching the fundamental ~rocesses. 
2. Teachers are failing to recognize, diagnose, 
and correct errors found in the work of their pupils 
as soon as they ap~ear. 
Comments similar to these apply to the other branches 
of mathematics, not only to arithmetic. The greater amount 
of research work carried on in arithmetic explains the 
preponderance of references from this field. The Encyclo-!/ - -
pedia of Educational Research discusses mathematics in 
general, concluding: 
Inadequate mastery of fundamental terminology, 
concepts, and skills is probably the most outstand-
ing cause for the difficulty encountered by individ-
uals of all ages in dealing with anything of a 
mathematical nature. 
The field of diagnostic and remedial work in mathe-
matics has received a great deal of attention. In general, 
however, diagnostic studies have been characterised by 
exhaustive lists of errors, classified in more or leas 
arbitr-ary categories and tabulated according to frequency 
of occurrence. There is a possibility that such research 
!/D. Yarbrough, "Diagnosis of Pupils' Errors in Arithmetic 
with a View to Corrective Work Carried on through the Co-
operation of the Teachers," unpublished Master's Thesis, 
Boston University School of Education, 1938, P• 108. 
2/ Encyclo,edia of Educational Research, Walter s. Monroe, 
-Editor, he Macmillan Company, Boston, 1941, p. 707. 
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practices are carrying the work to the point of diminishing 
returns and presenting the classroom teachers with such 
frightening pictures of the magnitude of their task that 
there is little likelihood of their being foolhardy enough 
to undertake the remedial work indicated. 
1/ 
Guiler conducted extensive investigations of this 
type and computed the percentages of pupils making each 
particular error. Noting seve~l instances of the use of 
1.1% in reporting the frequency of occurrence, one wonders 
if attention to such infrequent errors is warranted. In 
!/ 
another s~dy of this nature, Lueck treated mathematical 
difficulties of students in college physics, recording a 
total of 20,327 disabilities. He commented: 
This study bas shown that item analyses as a 
means of studying mathematical disabilities must 
be used with due caution. If an item consists of 
a very narrow and highly specific skill, its peda-
gogical value is low, for students rarely use such 
a skill in isolation. 
It should be noted at this point that a listing of 
definite misconceptions might provide a short cut in find-
ing out the reasons behind the errors and be perhaps of 
equal, if not greater value. In an analysis of errors, 
V Walter s. GUiler, "Difficulties in Fractions Encountered 
oy Ninth Grade Pupils," Elementary School Journal ,November, 
1945, PP• 146-156. . 
2/ William R. Lueck, "The Arithmetic and Algebraic Dis-
abilities of Students Pursuing First Year College Physics," 
unpublished Doctor's Dissertation, University of Iowa Studies 
in Education, Iowa City, Iowa, 1932, p. 40. 
iO ......_ . 
several dozen specific errors might be found to branch out 
from the mis1l!lderstanding of a single concept. Realization 
of this fact should serve to emphasize the advantage of 
going direcly to the primary source. 
Ohlsen prepared a list of twenty-nine concepts and 
skills pertaining to high school mathematics which proved 
a fruitful source of misconception items for the present 
author. Typical examples from Ohlsen's list are: 
A familiarity with the basic concepts, processes, 
and vocabulary of arithmetic. 
Understanding of the use of the exponent and 
its application. 
The ability to recognize at least the elemen-
tary basic terms of geometry. 
Areas to be Covered 
In planning the scope of this study, the author felt 
it wisest to draw upon any and all mathematics subjects 
normally encountered by the end of the tenth grade, plus 
some related items from the field of science. That there 
is an inherent relationship between these mathematics sub-
jects is borne out by the opinions of mathematicians. For 
!I 
example, Butler and Wren state: . 
The primary function of geometrical instruction 
1/ Merle M. obisen, "Control of Fundamental Skills and 
Concepts by High School Students," Mathematics Teacher 39: 
365-371, December, 1946. 
!f C.H.Butler and F.L.Wren, The Teaching of Secondaq: Math-
ematics, :McGraw':"Hill Book Company ,Inc., !few York,9~ 
P• 380. 
:1:1 
==~=====+=====-=-==~-~-==~~~======-·=-=-~-=-==-~·=-====~~~==-·~=--================-~=-~·~!b--==~== 
during this period of secondary mathematics is 
twofold in nature: (1) to coordinate the fundamen-
tal concepts, principles, and techniques of al-
gebra, geometry and trigonometry and (2) to build 
up a proficiency in the algebraic analysis of geo-
metric configurations and in the geometric inter-
pretation of algebraic expressions. 
Proceeding from the general to the particular, we find 
1/ 
the following pertinent statements by Breslich- in his al-
gebra textbook: 
1. Algebra should be taught as a langa.age. 
2. Understanding of the principles and con-
cepts should be a major aim of the course. 
3. Concepts of algebra must be developed 
gradually. 
Care must also be taken, however, to keep the branches of 
mathematics in their proper perspective. There is a note 
of warni~~ on this aspect in the Encyclopedia of Educational y -
Research : 
Available evidence leads to the conclusion 
that achievement in mathematics is not so closely 
related to general intelligence as it was once 
thought to be. There seems to be rather positive 
evidence that there is no indication of any large 
group factor running through the three abilities 
of arithmetic, algebra, and geometry, hence it is 
probably erroneous to speak of 'mathematical 
ability.' 
A new task next presents itself: what are the chief 
topics in the various mathematics subjects around Which a 
1/ Ernst R;. Breslich, ?u~oseful Mathematics: Algebra--
Yirst nourse, L~idla.w Brohers, New York, 1939, P• 3. · 
!:} ~ cit., P• 709. 
~~=-=~~=-~p======~--==~~=~============================================~ 
j_2 
-----
list of misconceptions should center, ones which are known 
to be especially troublesome to students ? To mention an 
example from the veld of algebra, almost a quarter of a 
centur,y ago Reeve commented from experience: "It is 
remarkable how pupils can find so many incorrect answers 
to an equation." He had olassified the errors and had 
noted over twent7-five different incorrect ways of attempted 
solution for a simple linear equation l 
!I Also working in the field of algebra, Lueck observed 
the following: 
The percentage of inaccuracy is highest in 
the manipulation of expressions involving frao-
tiona.l, positive and negative exponents. Opera-
tions involving negative and positive but not 
fractional exponents are next in point of diffi-
culty. Negative exponents are greater obstacles 
than the positive variety. Radicals are more 
familiar to these students as indicators of re-
quired roots than are fractional exponents when 
exponents are used in connection with the number 
ten as a base, their difficulty is slightly de-
creased. 
:£1 The Encyclopedia of Educational Research gave exten-
sive treatment of the development of fundamental concepts 
in algebra: 
Investigators generally agree that training 
in algebra should develop the abilities to under-
stand and frame formulas and equations. to solve 
17W1111am D. Reeve, A Dia~ostic stu~ of the Teaching 
Yroblems in High Schoo1 Ma hematics, inn and Company, 
Boston, 1~6, P• 35. 
I !/ William R.' Lueck, ~· cit., P• 36. 
3/ Q2• cit., pp. 705-706. 
_j 
--=======9==========================================~==================~~======= 
problems, to construct and interpret graphs, to 
think analytically and relatively, to generalize, 
and to organize. The use of the fUnction concept 
and the understanding of the fundamental charac-
teristics of functional thinking should be a prin-
cipal constituent of algebraic instruction. Cor-
relation of algebraic subject matter is recognized 
as of prime importance in any effective program of 
instruction. From both the vocational and propae-
deutic points of view the six most useful algebraic 
concepts are: literal numbers; linear equations and 
formulas; directed numbers; algebraic addition; 
the statistical graph; ratio, proportion, and va-
riation. 1/ . 
Cooley, Gans, Kline and Wahlert point out that 
geometry is usually presented to the student at a com-
paratively late stage in his schooling, requiring a dif-
ferent treatment than that for arithmetic and algebra. 
They are of the opinion that the student develops an a~­
preciation of the logical structure of geometry and of 
the deductive process because his greater maturity enables 
him to learn not only the important facts pertaining to 
geometry, but also their proofs as well. 
In this field a great deal of space has been devoted 
to the material which should go into geometry courses and 
to the topics likely to prove most confusing to the students. 
!J Reeve found that the definitions of the various angles ·are 
a constant source of difficulty, and mentioned in addition: 
It seems probable that the trouble lies mainly in 
!/ H~R· Cooley, D. ~ns, M. Kline, and R.E.Wahlert, 
Introduction to Mathematics, Roughton,Mifflin Company, 
Boston, 1937,-p. 128. 
!/William D. Reeve, ~· cit., p. 46. 
I 
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the teaching, because in the case of these problems 
nearly all the failures outside of pure ignorance 
of the method were due to confUsing bisectors of 
the angles with altitudes, medians, and perpendic-
Ular bisectors of the sides. We should give more 
attention to what we consider fundamental in a 
course, and we should seek a greater mastery of 
these fundamentals, even if we have to shorten the 
range of the subject matter that the course now 
covers. 
A somewhat more extensive listing of difficulties in 
geometry is that given by the Encyclopedia of Educational !I -
Research : 
Among the most frequent areas of error are: 
the properties of triangles, quadrilaterals and 
circles; ratio and proportion; development, com-
prehension, and abstraction of logical processes; 
and the fundamental relations between circles and 
.regD.lar polygons. 
Finally, the need for knoWledge of mathematical mis-
conceptions can be inferred from the following statements y 
of the Progressive Education Association : 
The recurrent necessity of solving quantita-
tive problems quickly and with a minimum of labor 
has led men to codify operational techniques into 
sets of formal rules. The fact that these rules 
can be learned and applied mechanically has made 
it possible for students to solve problems without 
insight concerning the nature of the opera tiona 
they perform. But it is also possible to under-
stand the nature of an operation and fail in its 
performance because of inability to recall some 
1/ Ericye!opedia of Educational Research, Walter S.Monroe, 
J!:ditor, ~· cit:-; p. 768. 
2/ Progressive Education Association, 1'Mathematics in · 
~neral Education, r:· a report of the Committee on the Function 
of Mathematics in General Education, D.Appleton-Century 
Company, Inc., New York, 1940, p • . l69. 
fact or for lack of some particular skill. In 
order to seeure both understanding and skill 
there must be appropriate emphasis on each. 
A Brief Summary 
The very fa.ct that the literature does not include 
mention of mathematical misconceptions as such can be ·taken 
as constituting the best justification of the need for the 
same. That a listing of misconceptions proved of value as 
an index of the understanding of concepts in the social 
1/ 
studies is
2
r:parent in the previously cited work of Gesiak-
and Kelley-. It is worth the effort to find out whether 
or not misconceptions ere common in the mathematics classes 
of the senior high school. Should they prove to be rare, 
teachers and administrators would no doubt be thankful. 
But if, however, misconceptions ~re shown to be common, the 
mathematics teachers will be aware of the fact and will have 
a measure of the strength of their adversary. Plans can 
then be devised which seem most likely to succeed through 
the application of remedial measures and by improvement in 
teaching techniques. 
1/ Edmond B. Gesiak, ~· cit. 
2/ Paul I. Kelley, ~· cit. 
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CHAPTER III 
TREATMENT OF THE PROBLEM 
Instruments for the measurement of misconceptions in 
mathematics were not available, although a number of tests 
were found which contained parts or items which were pert-
inent. A test was called for which would emphasize the lack 
of understanding of concepts rather than ability in solving 
problems. An apt comparison of the two points of view is 
!I 
made by the Progressive Education Association : 
The distinction between techniques for per-
forming operations and the concepts basic to them 
is important at all levels. Even the student who 
has advanced to the study of calculus may become 
expert in the technique of diffe-rentiation without 
a clear notion of the limit concept which is basic 
to the operation. Only by careful attention to 
the development of the underlying concepts ~ 
teachers make operations really meaningful to 
students. 
The material for the test items was gathered from a 
variety of sources including textbooks, periodicals, math 
teachers, and from suggestions made in a mathematics seminar. 
While rigid criteria were not set up for the consideration 
of items to be included in the final list, certain standards 
were adhered to in the selection. Formal definition of 
!] Progressive Education Association, ~· cit., pp. 180-181. 
.I 
terms was rejected in favor of the concept which the term 
should impart to the student. Problem solving was not con-
sidered as desirable as simple illustrations of types which 
would show whether the student knew the basic operation. 
Concrete examples were preferred to abstract ones wherever 
possible. As far as possible, ambiguous items were either 
revised or eliminated. It must be expected, however, that 
students will often be puzzled by material which seems clear 
to an older person. 
A test composed of one hundred test items was decided 
upon as being moat conducive to ease of scoring and tabula-
tion. Half of these are true and half are false, this divi-
sion being arbitrarily chosen as suitable for the purpose of 
the teat. The order in which true and false items follow 
was determined by random selection of slips of paper num-
bered from one to one hundred. 
SUch precautions as were possible were taken to reduce 
guessing. The instruction page pointed out that one's score 
would not affect his mark in his mathematics course. In 
addition to responses of "true" and "false't, marking of any 
item as being "doubtfUl" was encouraged rather than sheer 
guessing. Approximately 11.1% of the responses were in the 
undecided column, which indioates that guessing was reduced 
to some extent. 
1_8 
One period was the maximum time allowed for the entire 
test and while this varied in length slightly in the differ-
ent schools participating, it is assumed that the results 
were only slightly affected thereby. From two to three items 
per minute should be well within the ability of senior high 
school students, especial~y since most items were eo short 
and required little if any computation. 
Areas covered include arithmetic, algebra., geometry, 
and trigonometry, with no planned proportion of items per 
subject. Too many variable factors would enter here to 
merit attention in a study of this sort. Trigonometry was 
represented by only a few examples which were intended to be 
familiar to most students. The instruction page mentioned 
that the students weren't expected to be acquainted with all 
the material in the test. 
It was decided to strive for approximately equal num-
bers of testees in mathematics classes of the three grades: 
ten, eleven, and twelve, to facilitate comparisons. This 
admittedly is not the normal proportion but it has the ad-
vantage of preventing a majority of testees being in the 
tenth grade. It also permitted a greater number of class-
rooms to be represented because of the smaller size of the 
more advanced classes. 
Unequal class proportions resulted, however, as several 
teachers found that they could not provide the numbers esti-
mated for one or another of the three classes at the time 
the test papers were distributed to the schools. The result 
was that approximately fifty more twelfth grade students took 
the test than eleventh or tenth graders, the latter two 
averaging about two hundred in each class. 
The form of the test paper consists of five pages of 
twenty items each, preceded by an introductory page calling 
for certain information and explaining the test procedure. 
The five test pages are lettered c, e, i, s, and x, so that 
five different sets of the test could be arranged with the 
first page of one set becoming the last page of the next, 
etc. This procedure was intended to compensate for the 
failure of students to reach the end of the test. 
Seven hundred copies of the test were mimeographed. 
These were given to the head of the mathematics department 
in those high schools contacted which had expr~ssed their 
willingness to have their mathematics teachers administer 
the test during school hours. The six schools participating 
were in the following localities: Braintree, Brockton, 
Haverhill, Holbrook, North Quinoy, and Quincy. The letters 
"An to "F" used to designate the schools in this study were 
assigned to them by random selection so that the separate 
results cannot be identified with a particular school. As 
mentioned before, an attempt was ma.de to have approximately 
equal numbers of students in each of the three grades, making 
it necessary to make various selections of students such as 
20 
only those in twelfth grade mathematics classes in certain 
of the schools. 
The total number of completed test papers obtained was 
646. The individual items were scored and tabulated and the 
test scores were separately handled on the basis of sex, 
grade, and school. Arbitrary criteria were set up for de-
termining misconceptions, and fifty (5o.o%) or lese correct 
answers for any item resulted in its being termed a mis-
conception. Admittedly this gives the undecided responses 
the same weight as the incorrect answers, but it would be 
equally debatable to group undecided responses with correct 
answers. On this basis eighteen mathematical misconceptions 
were found. Nearly three-fourths of these were actually 
false items which were judged to be true, but it did not 
seem necessary to exclude the true items marked false by 
enough students so that 50.o% or less correct answers re-
!/ 
sul ted, as had been done in the study by Gesiak. The 
author maintains that it is just as mnch a misconception 
whether one believes that "A kilometer is longer than a 
mile" is a true statement or claims that "A mile is longer 
than a kilometer" is false. 
It might be argued that each item, or at least the 
eighteen misconceptions, should have had separate tabulation 
on the basis of sex, age, number of mathematics courses taken 
1/ Edmond B. Gesiak, ~· cit., p. 28. 
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and perhaps other factors. This was not done for a number 
of reasons. The extra work involved woul.d have been nearly 
a$ lengthy as tbat which was done. The number of testees 
contained approximately '1Cf'/o boys and 3o% girls, making 
comparison open to question. The students in each grade 
showed little overall variations either in age or in the 
number of mathematics course$ pursued. The question of 
how to handle the undecided cases loomed even more serious 
here than elsewhere. Finally, examination of group results 
showed that little variation could have been expected be-
tween such specialized item results and the group result~ 
already obtained. 
CHAPTER IV 
THE RESULTS OF THIS STUDY 
The Entire Test 
The grand tota~s for the one hundred test items for 
the 646 test papers had percentages of 70.3 answered correctly 
and 18.6 answered incorrectly. The sum of these two, 88.9, 
corresponded to the percentage of the items attempted. The 
value for the encircled question mark was therefore 1~.1% • 
The R/A score {ratio of number correct to number attempted) 
for the entire test was 79.1%. 
In Table I which follows, the breakdown according to 
sex shows 452 boys and 194 girl$ took the test, or 69.9% 
and 30.1% respectively. The boys had 72.3% of their answers 
correct, while the girls had 65.8% • The girls had the 
larger percentage of incorrect answers, 19.9% as compared to 
18.o~"b for the boys. Adding these resuJ. ts shows 90.3% of 
the items attempted by the boys and 85.7% by the girls. The 
girls used the larger percentage of question marks, 14.3, 
the boys having 9.7 • Computing the R/A scores resulted in 
80.~% for boys and 76.7% for girls. Therefore, the boys 
had the better performance in every phase of the test by 
small margins. 
-TABLE I 
TABULATION TO SHOW RESULTS IN NUMBERS AND PERCENTAGES :PER 
GRADE AND SEX 
Testees Wrong 
Div. No. ~ No.w faN 
12M 193 42.7 2,838 14.7 
11M 138 30.6 2,579 18.7 
10M 121 26.7 2, 718 22.4 
- -
TOT 452 100.0 8,135 18.0 
12F 54 27.8 955 17.'1 
11F 64 33.0 1,307 20.4 
lOF 1§. 39.2 1,600 ~ 
TOT 194 100.0 3,862 19.9 
12 24'1 38.2 3,'193 15.3 
11 202 31.3 3,886 19.2 
10 197 30.5 4,318 ~ 
-
TOT 646 100,0 11,997 18.6 
Key: Div: division or grade 
R: right answers 
A: attempted items 
M: male 
F: female 
Questioned 
No.? %? 
1,071 6.6 
1,101 8.0 
2,19'1 18.2 
4,369 9.7 
439 8.1 
856 13.4 
1,487 19.6 
2,782 14.3 
1,610 6.1 
1,957 9.'1 
3,684 18.7 
7,151 11.1 
Right 
"R ~ '%R/A 
79.7 94,4 84.3 
73.3 92.0 79.8 
59.4 81.8 72.5 
-
72.3 90,3 80.1 
'14.2 91.9 81.1 
66,2 86.6 '16.4 
59.3 80.4 73.'1 
-
65,8 85.'1 76.7 
'18,6 93.9 83.'1 
'11.1 90.3 '18.6 
59.4 81.3 73.0 
- -
70.3 88.9 79.1 
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Tables Il, III, and IV which follow break down the 
totals according to grade, school, and sex, Examination of 
the results made by eaCh sex in each grade showed that the 
boys had a slight edge. The only exceptions were in the 
tenth grade papers of which 121 belonged to boys and 76 to 
girls. Here the girls bad 21,1% incorrect as compared to 
22.4% for the boys, and their R/A score was 73.7% while the 
males compiled 72,5%. 
The totals per grade without respect to sex resulted 
in the twelfth grade having the best record, followed by 
the eleventh and tenth respectively. The percentages of 
correct answers in the three grades were 78.6, 71.1, and 
59.4 in order from twelfth to tenth. In the same order the 
percentages of incorrect answers were 15,3, 19.2, and 21.9 • 
Percentages of the items attempted were 93.9, 90.3, and 81.3 • 
Again in the same order, percentages of question marks were 
6.1, 9,7, and 18.7 • Finally, the R/A scores were 83.7, 
78.6, and 73.0 • As mentioned elsewhere, there were 247 
twelfth grade students, 202 in the eleventh grade, and 197 
in the tenth grade. 
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TABLE II 
TABULATION SHOWING TWELFTH GRADE RESULTS ON THE BASIS OF 
SCHOOL A1TD SEX 
Div. No. No.w fiN No.? %? %R %A _%R/A 
A(M) 40 '179 19.5 338 8.4 72.1 91.6 78.7 
A(F) 26 529 20.2 253 9.7 70.0 90.3 7'1.4 
TOT ~ 1-;mm ~ 591' 8-V "7!:"3 '9r.!" "11r.T 
:B(M) 50 663 13.2 201 4.0 82.7 96.0 86.4 
E(W.) 5 '11 14.2 16 3.2 82.6 96.8 85.3 
TOT ' l>D "7"34 ~ "ID' '4.0 ~ '9'6.0 'S6.I' 
C(M) 43 560 13.0 246 5.7 81.3 94.3 86.2 
C(F) 12 159 13.3 106 8.8 77.9 91.2 85.4 
TOT 55 "7!'9' Ir.r '35!' 6;4 mr;o ~ trn":O' 
D(M) 38 516 13.6 126 3.2 83•2 96.8 86.0 
D(F) · 2 · 34 17.0 13 6.5 76.5 93.5 81.8 
TOT -m mm rn:"1 ~ ~ "S'!';Q '9"6.5 1m:'1 
E(M) 19 281 14.8 132 6.9 78.3 93.1 84.0 
E(F) 5 76 15.2 26 5.2 79.8 94.8 83.-9 
TOT g ~ ~ ~ 6.'6 "1'8.1) ~ 84.0 
F(M) 3 39 13.0 28 9.3 77.7 90.7 85.6 
F(F) 4 86 21.5 25 6.3 72.2 93.7 7'7.1 
TOT '1 !!'!) I"r.V '5'! .,-;r; "74;1) V2.4 ~ 
TOT(M) 193 2,838 14.7 1,071 5.6 79.7 94.4 84.3 
TOT{F) 54 955 17.7 439 8.1 74.2 91.9 81.1 
12TOT '24'1 !,793 ro;3' 1,510 6.T '7'8.6 9'r.9" 8r.'T 
Key: Div: school (A. to F) 
sex -- (M) or (F) 
W: wrong 
A: attempted items 
R: right answers 
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TABLE III 
TABULATION OF ELEVENTH GRADE RESULTS ON THE BASIS OF SCHOOL 
AND SEX 
Div. No, No.w %w No.? %? 
A(M) 52 1,297 U.9 439 8.4 
A(F) 24 544 22.7 458 19.1 
~OT ~ 1,841 ~ W'7 Ir.a' 
B(M) 63 905 14.4 465 7.4 
B (:B') 27 458 17.0 241 8.9 
TOT vo 1,~ ~ m r.s 
O(M) 12 161 13.4 51 4.2 
O(lP) 8 206 25.8 62 7.8 
TOT !0 36'1 18.3' 1!'! D.6 
D(M) 11 216 19.6 146 13.3 
D(F) 5 99 19.8 95 19.0 
TOT ~ '3!0 !'9.'T 24!" ro.r 
TOT(M) 138 2,579 18.7 1,101 8.0 
TOT(F) 64 1,307 20.4 856 13.4 
ll.TOT 
Key: 
-
202 3,886 19.2 1,957 
Div: school (A to D) 
sex (M) or (F) 
W: wrong 
A: attempted items 
right answers R • . 
9,7 
%R faA %R/A 
66.7 91.6 73.2 
58.2 80.9 71.9 
'b4';0 ~ "7r.P 
78,2 92.6 84.4 
74.1 91.1 81.3 
'f1r.O V2.Y ~ 
82.4 95.7 86.0 
66.4 92.2 71.9 
"16.1 V4.4 'SQ.6 
67.1 86.7 77.4 
61.2 81.0 75.5 
~ "S4:V '76.lj 
73.3 92.0 79.8 
66.2 86~6 76.4 
71.1 90.3 '18.6 
TABLE IV 
TABULATION OF TENTH GRADE RESULTS ON THE BASIS OF SCHOOL 
AND SEX 
Div. 
A(M) 
A(!') 
TOT 
B(M) 
B(F) 
TOT 
·C(M) 
C(F) 
TOT 
TOT(M) 
TOT(F) 
let TOT 
Key: 
No. No. W %w No. ? 
74 1,755 23.'7 1,381 
49 1,142 23.3 1,07'7 
123 2,897 23.6 2,458 
23 388 16.9 372 
19 280 14.7 2'72 
-
42 668 15.9 644 
24 575 23.9 444 
8 1'78 22.3 138 
32 753 23.5 582 
121 2, 718 . 22.4 2,197 
76 1,600 21.1 1,487 
-
19'7 4,318 21.9 3,684 
Div: school (A to C) 
sex-- (M) or (F) 
W: wrong 
A: attempted items 
R: right answers 
%? ~R 1J.. %RLA 
18.'7 57.6 81.3 70.8 
22.0 54.'7 78.0 70.2 
-
20.0 56.4 8o.o 70.5 
16,2 66.9 83.8 79.8 
14.3 71,0 85.'7 82.8 
15.3 68.8 84.7 81.3 
18.5 57.6 81.5 70.6 
17.3 60.4 82.7 '73.1 
18.2 58.3 81.8 71.3 
18.2 59,4 81.8 '72.5 
19.6 59.3 80.4 73.7 
-
18,7 59.4 81.3 73.0 
' Jl8. ~(, (. 
The Eighteen Misconceptions 
The results for the misconception items found were 
totaled separately, then averages and percentages were found 
in the various categories. Table V which follows gives these 
results in detail. Comparison of the results for the mis-
conception items and those for the entire test shows some 
interesting highlights. 
37.5 % correct answers was the average score for the 
misconceptions as compared to 70.3 for all items; 18.6% in-
correct for the one hundred items wa.s approximately half of 
the contrasting value for the eighteen misconceptions. The 
percentage attempted for the eighteen was 73.8 as against 
88.9 for the entire test. Of the answers for the eighteen 
misconceptions 26.2% were encircled question marks, whereas 
only 11.1% had been the corresponding value for the one 
hundred items. 
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TABLE V 
THE EIGHTEEN MISCONCEPTIONS A~TGED BY ~ERCENTAGE OF 
RIGHT Al~SWERS (TI~ ASCENDING ORDER) 
Item No. %R fiN '/.? ~A % R/A 
s. 1 21.0 35.5 43.5 56.5 38.3 
1.10 23.1 23.5 53.4 46.6 49.6 
e. 5 26.9 '70.3 2.8 9'7.2 2'7.'7 
:x:.14 26.9 42.5 30.6 69.4 38.9 
e. 3 2'7.0 '70.2 2.8 9'7.2 2'7.9 
:x:. 20 31.'7 28.5 39.8 60.2 52.'7 
1.19 31.9 35.3 32.8 6'7.2 4'7.5 
s.11 34.4 29.8 35.8 64.2 52.4 
x. 5 39.3 26.8 33.9 66.1 59.4 
e.19 40.3 46.1 13.6 86.4 46.5 
e • '7 41.8 51.'7 6.5 93.5 44.'7 
s.13 44.0 13.9 42.1 5'7.9 '75.9 
c. 6 44.6 11.4 44.0 56.0 '79.5 
1. 9 46.0 30.6 23.4 '76.6 60.0 
s.16 46.4 31.2 22 .4 '7'7.6 59.5 
x. 3 48.9 50.0 1.1 98.9 49.4 
s.19 49.8 29.9 20.3 '79.'7 62.5 
:x:.10 50.0 26.8 23.2 '76.8 65.0 
Examination o£ the results in each g~de follows the 
same trend, being about a two to one ratio for all except 
the percentages of items attempted. The percentages of 
correct responses show the usual decrease from twelfth grade 
to tenth. Incorrect responses varied only four points, but 
the eleventh grade was an exception to the usual order here 
in having the highest figure and the tenth grade the lowest. 
This is a direct outgrowth of the wider nee of the question 
mark in the lower grade, for the tenth grade had approximately 
half of the total. Ae a result, only 57.2% of the miscon-
ceptions were attempted by tenth graders, as compared to 
81.3% for all items for the same grade. The R/A score was 
50.8% for the eighteen misconceptions as compared to 79.1% 
for the entire test. 
THE MISCONCEPTIONS DETERMINED BY THE R/A SCORE 
If the R/A score had been taken as the basis for de-
noting misconceptions, the list would have varied somewhat 
from the eighteen misconceptions found by using 50% or less 
correct answers as the criterion. An R/A rating of 50% or 
less would have given nine misconceptions. If Go% or less 
in the R/A value bad been chosen as the basis for determining 
misconceptions, a total of seventeen misconceptions would 
have resulted. 
The nine misconceptions determined by an R/A value of 
50% or less would have contained no new items. They would 
have consisted of the following test items: 
e.l9 
i.lO 
i.l9 
s.l 
x.3 
x.l4 
In addition to these nine, an R/A score of 60% or less would 
have included four more from the original list (s.ll, a.l6, 
x.5, and x.20) as well as four new misconceptions (c.9, i.9, 
a.l4, and x.ll) for a total of seventeen in all. 
========9~========================================================,==~r-======= 
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CONCEPTS UNDERLYING THE ITEMS WHICH WERE MISCONCEPTIONS 
THAT "ERE NOT DETECTED 
*e.3 2/3 IS EQUAL TO 0.666 
The misconception here is that 0.666 is the exact 
value of the fraction 2/3. 
*e.7 IN ANGLE MEASURE, 1/60 OF A DEGREE EQUALS 1 SECOND 
The misconception is that in angle measure, a 
degree is divided into 60 seconds. 
*e.l9 
*i.lO 
THE SQUARE ROOT O:B' 3 IS APPROnMATELY 0.1732 
The misconception here is the improper placement 
of the decimal point. 
2 
THE ESUATION x iii 2x HAS ONLY ONE ROOT 
The misconception here is that x equals 0 is not 
a root of an equation. 
AN AREA O:B' 600 ACRES IS GREATER THAN 1 SQUARE :t4ILE 
The misconception is that a square mile contains 
less than 600 acres. 
*s.l THE ABSCISSA IS THE DISTANCE FROM THE X AXIS 
The misconception here confuses "abscissa" and 
"ordinate" as to which is the distance from the 
X axis. 
* The eighteen misconceptions are starred and underlined. 
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*s.ll 
*s.16 
*s.19 
LOGA~THMS CAN BE USED ONLY FOR MULTIBLICATION AND 
DIVISION 
The misconception in this case is that logari tbms 
apply only to multiplication and division and not 
to extraction of roots, raising to powers, and 
other operations. 
6, 'I, and 9 ARE PRIME NUMBERS 
The misconception is either that all odd numbers 
are prime numbers or that "prime number" is the 
opposite of "even number." 
THE SINE OF AN ANGLE IS THE RATIO OF THE ADJACENT 
SIDE TO THE HYPOTENUSE 
This misconception confuses the definitions of the 
sine and the cosine of an angle. 
*x. 3 2 t 3 x 4 = 20 
The misconception is tbat a series of operations 
is performed in order rather than that multiplica-
tion takes precedence over addition. 
*x.5 THE SmE OF AN ANGLE OF 90 DEGREES IS 0 
The misconception here is either that of using the 
value of the cosine of a 90 degree angle or of the 
sine of zero degrees rather than the one asked for. 
*x.l4 
*x.20 
THE CUBE ROOT OF -1 IS IMAGINA!lY 
The misconception here is that since the square 
root of -1 is imaginar.Y, the cube root will be also. 
A POUND WEIGHS MORE THAN A KILOGRAM 
The misconception is that the relative weight of 
a pollD.d is greater than that of a kilogram. 
CONCEPTS UNDEM.YING THE ITEMS WHICH WERE NOT MISCONCEPTIONS 
BUT WHICH WERE MARKED CORRECTLY BY 50% OR LESS OF THE TESTEES 
*c.6 A BUSHEL IS LARGER THAN A CUBIC FOOT 
The misconception on the part of the students is 
that a cubic foot has a greater volume than a bushel. 
*e.5 EQUAL FIGURES HAVE THE SAME SIZE AND SHAPE 
*i.l9 
The students' misconception is that similar figures 
have the same size and shape, and that equal :figures 
do not. 
A QUADRATIC EQUATION CONTAINS NO POWER OF THE 
UNKNOWN HIGHER THAN THE SECOND POWER 
The misconception here is that a quadratic equation 
may contain a power of the unknown greater than the 
second power. 
35 
\~ 
I 
I 
I 
! "{(~ 
'I Ll , _, _J~---~---
*s.l3 
*x.lO 
A LITER HAS A GREATER VOLUME THAN A QUART 
The misconception is that a quart has a greater 
volume than a liter. 
(l0)-2 = o.o1 
The misconception on the part of the testees is 
in both the handling of negative exponents and in 
the placement of the decimal point. 
CONCEPTS UNDERLYmG THE ITEMS WHICH WERE MISCONCEPTIONS BUT 
WHICH WERE ANSWERED CORRECTLY BY MORE THAN 60% Ol!' THE TESTEES 
c.3 0 + 2 x 3 = 0 
This problem contains the misconception that zero 
plus anything is zero. 
o.7 SIMILAR TRIANGLES ARE CONGRUENT 
The misconception is the use of "similar" and 
"congruent" as synonymous terms. 
c. 9 THE DIAGONALS OF A PARALLELOGRAM ARE EQUAL 
The misconception here confuses the relative lengths 
of the two diagonals with the equality of the 
segments of each diagonal. 
i 
I 
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o.lO SQUARING A NUMBER LESS THAN _ ONE MAKES IT LARGER 
The misconception confUses the result of squaring 
a number greater than one (or lees than zero) and 
that of squaring a number between zero and one. 
c.l4 THE SUM OF THE ANGLES OF A PENTAGON EQUALS 5 
RIGHT ANGLES 
The misconception here is that the number of sides 
bas the same numerical value as the sum of the 
angles expressed in right angles. 
c.l5 IF d = rt TEEN r = t/d 
The misconception here is that division of each 
side of the equation by t makes r equal to t/d 
instead of d/t. 
c.l6 -2 IS A ROOT OF THE EQUATION x3 - 2x2 - 0 
The misconception here is that the addition of "2" 
to each side of the equation (after removing the 
common term) does not result in a change of sign 
when the "2" moves to the opposite side. 
c.l8 A KILOMETER IS LONGER THAN A MILE 
The misconception is that "a kilometer" exceeds 
"a mile" in linear measure. 
c.l9 x TO THE ZERO POWER EQUALS ZERO 
The misconception is that anything raised to the 
zero power is zero instead of one. 
e.a 3(x - 3y) = 3x - 3y 
The misconception is that it is correct to multiply 
only the first term in the parentheses by "3". 
s.ll ONE SQUARE YAm> EQUALS THREE SQUARE FEET 
The misconception confuses the unite of linear 
measure and those of area measure in assuming 
that there are as many square feet in a square 
yard as there are linear feet in a yard. 
e.l3 TWO ANGLES CAN BE SUPPLIDmNTARY WHEN BOTH A'RE 
I e.l4 
OBTUSE 
The misconception is tbat the sum of two obtuse 
angles can be 180 degrees. 
A SECANT MAY CUT THE CIRCUMFERENCE OF A CIRCLE 
IN ONLY ONE POINT 
The misconception is that a seeant is a tangent. 
e.l5 THE A..'REA OF A CIRCLE IS GIVEN BY THE FORMULA 2lfr 
The misconception here confuses the respective 
formulae for the area and for the circumference 
of a circle. 
e.l7 THE SQUA..U OF THE SUM OF TWO NUMBERS EQUALS THE SUM 
OF THEIR SQUARES 
The misconception is that ( a -t b )2 
,-; ,, 
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i.l A STRAIGHT LINE HAS TWO DIMENSIONS 
The misconception is that a line has width as well 
as length. 
i.2 A TRIANGLE HAS ONLY ONE .ALTITUDE 
The misconception here is that a triangle has 
but one altitude instead of three. 
i.3 THE VALUE OF PI (ORlf) IS EXACTLY 3.14159 
The misconception is that an approXimate value 
for pi is taken for exact value. 
i.5 ALL LINES ARE STRAIGHT LINES 
The misconception is that curved, closed, and 
broken lines are either considered as straight 
linea or are not classed as lines. 
1.12 THE AVERAGE OF THE SCORES 100, 90, AND 50 IS 75 
The misconception here is that naverage" means 
"mid-way point." 
i .14 THE BISECTOR Oli' AN ANGLE OF A TRIANGLE ALWAYS 
BISECTS THE OPPOSITE SIDE 
The misconception is that the bisector of an angle 
of a tr~angle is always the bisector of the opposite 
side also. 
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i.15 (1) 2 = 2 
The misconception here is that 1 x 1 = 2 
i.18 AN ANGLE CANNOT BE GREATER THAN 180 DEGREES 
The misconception here is that a straight angle 
is the largest angle possible. 
s.5 THE TERM ab2 IS A BINOMIAL 
The misconception is that a monomial is a binomial. 
s.9 THE CIRCUMFERENCE OF A CIBCLE IS LESS THAN THREE 
TIMES ~TS DIAMETER 
The misconception here is that the value of pi 
is less than three. 
s.14 x2t x3 = x
5 
The misconception is that the sum of two different 
powers of the same literal quantity can be obtained 
by adding the exponents and expressing the bi-
nomial as a monomial r aised to that power. 
s.l5 ALL POLYGONS HAVE FIVE SIDES 
The misconception is that all polygons are 
pentagons. 
s.l8 ALL ISOSCELES TRIANGLES ARE .ALSO RIGHT TRIANGLES 
The misconception here is that all isosceles tri-
angles contain a right angle and . therefore are 
right triangles. 
s.20 IF ONE SIDE OF A SQUA....ltE IS ONE ITS DIAGONAL IS TWO 
The misconception is that the diagonal of a square 
equals the sum of two sides of the square. 
x.l A Tm{PERATURE CHANGE OF 1 DEGREE CENTIGRADE IS 
LESS THAN ONE OF 1 DEGREE FAHRENHEIT 
The misconception here is that the value of a 
Centigrade degree is less than that of a Fahrenheit 
degree. 
:x:.4 THE HOUR HAND OF A CLOCK MOVES THROUGH ONE STRAIGHT 
ANGLE IN TWELVE HOURS 
The misconception is either that a straight angle 
equals 360 degrees or that the hour hand of a clock 
moves through only 180 degrees in twelve hours. 
x.9 6 : 3 = 2 : o 
The misconception in this case is either that 
6 x 0 = 6 or that 2/0 = 2. 
x.ll DIVIDING BY t GIVES A LARGER QUOTIENT THAN DIVIDING 
BYt 
The misconception here is that division by t 
results in a larger quotient than division by t . 
x.l2 THE PRODUCT OF TWO QUANTITIES HAVING NEGATIVE SIGNS 
IS NEGATIVE 
The misconception is that the multiplication of 
two negative quantities gives a negative product. 
x.l5 A SQUARE WITH SIDE 2 HA.S A J?ERIMETER OF 4 
The misconception here is that the perimeter of 
a square has the same numerical value as its area. 
x.l6 A METER IS LESS THAN A YARD 
Here the misconception is that a meter is not as 
long as a yard. 
x.l7 0.5 FOOT EQUALS 5 INCHES 
The misconception is that one foot cont•ins ten 
inches. 
l .-~ ~ ,<; 
ITEM RESULTS 
The results on each of the one hundred test items wi11 
be considered in some detail in the following pages. The five 
pages of test items will be taken up in the order c, e, i, 
s, and x, and the items in order from one to twenty. The 
numbering is for convenience only as it was not feasible to 
number the items on the test pages. A copy of the test will 
be found in the Appendix. 
Tables VI, VII, VIII, IX, and X summarize the results 
for the individual items on each of the five pages of the 
test. They are inserted at the beginning of each of the 
following groups of pages which discuss the items in question. 
For the one hundred items which follow, the letter and 
number in the upper left hand comer signify the page and the 
item number. For eighteen of the items, this letter and 
number are starred to denote that they are misconceptions. 
Fifty (50%) per cent or less correct answers qualifies an 
item as a misconception. The capital letter in the upper 
right hand comer denotes whether the item is true or false. 
The five figures are percentages -- their introductory s.ymbols 
have the following meanings: 
R: percentage of items answered correctly 
W: percentage of items answered incorrectly 
~ . percentage of items with encircled question marks . . 
A: percentage of items attempted {exclusive of 
encircled question marks) 
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R/A: percentage ratio of total items answered 
correctly to total items attempted. 
The following equations hold true for the five figures 
described above: 
R+W A 
A+? : 100% 
R + W + ? = 100% 
o.l TO FIND 5% OF A NUMBER MULTIPLY IT BY 0.05 T 
R: 92.0 W: 7.3 ?: 0.7 A: 99.3 R/A: 92.5 
The results show that this item was one of the easiest 
although it was expected to cause a fair amount of difficulty. 
Not a single twelfth grader questioned it, and lees than 3% 
missed it. Tenth grade papers bad 15% of their answers in-
correct for the lowest rating of the three grades. 
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TABLE VI 
TABULATION OF RESULTS FOR PAGE "c" ITEMS 
Item No.w tfJ1! No.? %? %R faA %R/A 
.. 
1 47 7.3 5 0.7 92.0 99.3 92.5 
2 29 4.5 19 2.9 92.6 97.1 95.4 
3 56 8.7 5 0.7 90.6 99.3 91.3 
4 109 16.9 66 10.1 73.0 89.9 81.2 
5 117 18.1 61 9.4 72.5 90.6 80.0 
6 74 11.4 284 44.0 44.6 56.0 79.5 
7 66 10.2 9 1.4 88.4 98.6 89.7 
8 101 15.6 125 19.4 65.0 80.6 80.6 
9 277 42.8 4 0.6 56.6 99.4 56.8 
10 92 14.2 33 5.1 80.7 94.9 85.0 
11 12 1.9 10 1.5 96.6 98.5 98.1 
12 51 7.9 48 '7.4 84.7 92.6 91.3 
13 17 2.6 13 2.0 95.4 98.0 97.3 
14 72 11.1 105 16.3 72.6 83.7 86.7 
15 167 25.9 23 3.6 70.5 96.4 73.2 
16 101 15.6 182 28.2 56.2 71.8 78.2 
1'7 28 4.4 183 28.4 67.2 71.6 93.9 
18 120 18.6 190 29.4 52.0 70.6 73.7 
19 187 29.0 54 8.4 62.6 91.6 68.3 
20 6 0.9 7 1.1 98.0 98.9 99.1 
THE SIDES OF A CENTRAL ANGLE MUST BE RADII OF THE 
CIRCLE 
R: 92.6 W: 4.5 ?: 2.9 A: 97.1 R/A: 95.4 
T 
More in the eleventh grade were uncertain here than in 
the tenth and twelfth combined, but the number was not suf-
ficient for drawing conclusions. The central angle :proved 
to be familiar to the math students tested. 
O-t2x3:0 F 
R: 90.6 W: 8.7 ?: 0.7 A: 99.3 R/A: 91.3 
Sur:prisingl7 the eleventh grade showed slightly :poorer 
results, both in number of question marks and in wrong an-
swers. Confusion with zero was not too a:p:parent, but one 
wonders how rearrangements of the :problem would have fared. 
c.4 IN A 30•60 DEGREE RIGHT TRIANGLE,THE SHORTER SIDE T 
IS t THE HYPOTENUSE 
R: 73.0 W: 16.9 ?: 10.1 A: 89.9 R/A: 81.2 
The eleyenth grade led in wrong answers, but the cause 
had better be labeled "unknown." In the other categories 
the usual order prevailed. The total number of correct 
responses was still well above the average for the one 
hundred test items, and the question mark total slightl7 
below average. 
c.5 6 2 4 X /x : X T 
R: 72.5 W: 18.1 ?: 9.4 A: 90.6 R/A: 80.0 
About half of the tenth grade papers had this marked 
correctly, three-fourths in the eleventh, and four-fifths 
in the twelfth, corresponding roughly with the average for 
all items. The R/A score in this case is within l io of the 
average, so this problem might be nominated as our typical 
test item. 
*c. 6 A BUSHEL IS LARGER THAN A CUBIC FOOT T 
R: 44.6 W: 11.4 ?: 44.0 A:56.0 R/A: 79.5 
The total of the question marks found in this case 
is four times the average. The author feels that it is 
the student's concept of a cubic foot which is hazy, rather 
than that of a bushel. Even so, common sense would seem 
to furnish the solution to anyone who remembers how a bushel 
basket looks and visualizes a twelve inch ruler inside it. 
Others will say that bushels don't belong in mathematics 
anyway, but they are the minority. 
SIMILAR TRI.ANGUlS ARE CONGRUENT F 
R: 88.4 W: 10.2 ?: 1.4 A: 98.6 R/A: 89.7 
* Misconception items will be both starred and underlined. 
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Just one tenth grade paper encircled the question mark. 
The number of incorrect answers found was much lees than ex-
pected, leading to the conclusion that either this concept 
is well-taught or the author is way out in left field, or 
both. 
-2 
o.8 (x) T 
R: 65.0 w, 15.6 ?: 19.4 A: 80.6 R/A: 80.6 
By coincidence, the values for A and R/A are identical. 
Only one-fourth in the tenth grade had the right answer, 
whereas three~fourths in both the eleventh and twelfth were 
correct. Results such as these might well be expected for 
the concept of negative exponents. Except for the large 
number of question marks encircled and the spread noted, 
results were close to the average. 
TEE DIAGONALS OF A :PARALLELOGRAM ARE EQUAL F 
R: 56.6 W: 42.8 ?: 0.6 A: 99.4 R/A: 56.8 
The author regretted that this item just failed to rat e 
as a ~sconception, for it is such a good example of one. 
Less than one per cent of the students expressed doubt on 
this score, then nearly one half proceeded to mark it in-
correctly. The twelfth grade had 70% of its answers correct, 
but each of the others had slightly under 5o%. 
c .10 SQUARING A NUMBER LESS THAN ONE MAKES IT LARGER. F 
R: 80.7 W: 14.2 ?: 5.1 A: 94.9 R/A: 85.0 
The only misconception to be noted here is that on the 
part of the author in not adding "and greater than zero" 
after "one", and many penciled remarks noted this qualifica-
tion. The results are given anyway, but fUrther comments 
would be foolish. 
c.ll TWO PARALLEL LINES OA.N BE PERPENDICULAR TO THE T 
SAME STRAIGHT LINE 
R: 96.6 W: 1.9 ?: 1.5 A: 98.5 R/A: 98.1 
This item should have been eliminated as the only thing 
it proved is that it is too easy. 
c.l2 TWO ·CIRCLES ARE CONCENTRIC IF THEY HAVE TEE SAME T 
CENTER BUT DIFFERENT RADII 
R: 84.7 W: 7.9 ?: 7.4 A: 92.6 R/A: 91.3 
Incorrect responses varied between 6% in the tenth 
and 10% in the eleventh. The Twelfth grade had the lowest 
percentage undecided. Note that the R/A score's increase 
over R is almost as large as the percentage of the undecided 
oases. The results show that this item proved to be rather 
well known. 
c.l3 THE D:w.m!!!'ER OF A CIRCLE IS TWICE THE RADIUS. T 
R: 95.4 W: 2.6 ?: 2.0 A: 98.0 R/A: 97.3 
An exceptionally easy item which was included as a 
bonus. As always happens, some managed to muff it or ex-
pressed doubt about it. None in the twelfth grade used 
the question mark, but 4% missed it. 
c.l4 THE SUM OF THE ANGLES OF A PENTAGON EQUALS 6 
RI GRT ANGLES. 
R: 72.6 W: 11.1 ?: 16.3 A: 83.7 R/A: 86.7 
Although the sum of the interior angles was meant, 
various student comments showed that the statement should 
have said so. The eleventh grade had a slightly higher 
percentage of incorrect responses than the others. Note 
that When the question marks are eliminated, the score for 
this one soars about fourteen points ( as R is changed to 
R/A). 
c.l5 IF d : rt THEN r = t/d 
R: 70.5 W: 25.9 ?: 3.6 A: 96.4 R/A: 73.2 
Another case of few question marks but many wrong 
answers, especially in the tenth grade. The twelfth grade 
had the lowest percentage of incorrect answers. One wonders 
what the effect would have been bad x, y, and z been used 
in place of d, r, and t. 
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c.l6 -2 IS A BOOT OF THE EQUATION x3- 2x2 = 0 
R: 56.2 W: 15.6 ?: 28.2 A: 71.8 R/A: 78.2 
When only the percentage of students getting the problem -
right is considered, this test item approaches the miscon-
ception stage. The R/A score, however, is only slightly 
below average. In this case over half of the tenth graders 
took refUge in the question mark. 
c.l7 THE GRAPH OF A LINEAR EQUATION IS A STRAIGHT LINE. T 
R: 67.2 W: 4.4 ?: 28.4 A: 71.6 R/A: 93.9 
Two-thirds of the question marks found were on tenth 
grade papers. The R/A score is over twentypsix points higher 
than R because of the large number of doubt:rt11 C$.Bes and the 
relatively few incorrect responses. The author feels that 
this statement should be known by all students in the tenth 
grade. 
c.l8 A KILOMETER IS LONGER THAN A MILE. F 
R: 52.0 W: 18.6 ?: 29.4 A: 70.6 R/A: 73.7 
The author and his colleagues in the mathematics seminar 
felt that this was a model misconception item and regretted 
that dozens like it could not be found. That approximately 
half of the testees marked it correctly bore out expectations, 
but the frequent resort to the question mark makes the re-
sults inconclusive. The tenth grade had the lowest percentage 
,~qstvn Lin ·i\l'f:rst -/ 
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of incorrect responses. However, this was largely due to 
its using the undecided column in 44% of ita papers. 
c.l9 x TO THE ZERO POWER EQUALS ZERO. 
R: 62.6 WJ 29.0 ?: 8.4 A: 91.6 R/A: 68.3 
F 
Another example of a good misconception item, and the 
results show that it does tend toward being a true miscon-
ception. The tenth grade led in both incorrect answers and 
in the use of the question mark, only about one third of 
them getting it right. The R/A value is approximately 
eleven points below the average. 
c. 20 TWO IS ONE THIRD OF SIX. T 
R: 98.0 W: 0.9 ?: 1.1 A: 98.9 R/A: 99.1 
Let's just say that this item served as a morale 
builder, for any other claims made for it would be vehemently 
~uestioned. Only thirteen papers in all lacked the correct 
answer for it. 
e.l THE ORIGIN LIES ON BOTH THE X AND Y AXES. T 
R: 71.4 W: 6.E ?: 22.4 A: 77.6 R/A: 92.0 
Half of the tenth graders encircled the ~estion mark. 
TABLE VII 
TABULATION OF RESULTS FOR PAGE "e" ITEMS 
Item No.w 1m No.? 'f,? %R g DfoR/A 
1 40 6.2 145 22.4 71.4 77.6 92.0 
2 32 5.0 5 o.8 94.2 99.2 94.9 
3 453 70.2 18 2.8 27.0 97.2 27.9 
4 10 1.6 6 o,8 97.7 99.2 98.3 
5 454 70.3 18 2.8 26.9 97.2 27.7 
6 154 23.9 97 15.0 61.1 85.0 71.9 
7 334 51.7 42 6.5 41.8 93.5 44.7 
8 18 2.8 12 1.9 96.3 98.1 97.1 
9 23 3.5 5 o.8 95.7 99.2 96.3 
10 78 12.1 23 3.6 84.3 96.4 87.4 
11 105 16.3 22 3.4 80.3 96.6 83.1 
12 36 5.6 13 2.0 92.4 98.0 94.2 
13 68 10.5 33 5.2 84.3 94.8 88.8 
14 144 22.2 51 7.9 69.9 92.1 76.8 
15 192 29.7 23 3.6 66.7 96.4 69.1 
16 28 4.3 30 4.6 91.1 95.4 95.4 
17 85 13.2 29 4.5 82.3 95.5 86.2 
18 84 13.0 8 1.2 85.8 . 98.8 86.7 
19 298 46.1 88 13.6 40.3 86.4 46.5 
20 47 7.4 52 8.o 84.6 92.0 92.0 
in this case, but only five of them missed it, whereas 
four times as many in the eleventh grade marked it in-
correctly. Note the sharp increases when R is con-
verted to R/A. It is difficult to understand wby this 
item should have proved so puzzling. 
e.2 ONE HALF OF ONE FOURTH IS ONE EIGHTH. 
R: 94.2 W: 5.0 ?: 0.8 A: 99.2 R/A: 94.9 
The twelfth grade did poorest on this problem of 
fifth grade caliber. Only in the limited use of the 
question mark did this one live up to expectations. No 
doubt the word problem form confUsed some students. 
*e.3 2/3 is eqnal to 0.666 
R: 27.0 W: 70.2 ?: 2.8 A: 97.2 R/A: 27.9 
T 
The use of the word "exactly" before "equal" was voted 
down in the mathematics seminar with dire results : So we 
have a misconception although this item is not a good one 
because of its specific problem nature. The percentages of 
incorrect answers were about equal for the three grades. 
Computing the R/A score had little effect in this case. 
e.4 TWO SIDES OF A TRIANGLE CANNOT BE PARALLEL. T 
R: 97.7 W: le6 ?: 0.8 A: 99.2 R/A: 98.3 
Very few students missed the boat in this case, but 
the amazing thing is how anyone managed to. The eleventh 
grade stood out, having only one incorrect response and 
also one undecided ease. 
EQU.AL FIGURES HAVE THE SAME SIZE AND SHAPE. 
R: 26.9 W: 70.3 ?: 2.8 A: 97,2 R/A: 27.7 
This proved to be the leading misconception item in 
total number of incorrect responses for the entire test, 
and these were divided almost equally in proportion to 
the number taking the test in each grade. The twelfth 
grade showed the most indecision by a ratio of over two 
T 
to one. The R/A score shows but a slight improvement over 
R. The author must confess that such a high score for W 
was entirely unforeseen. 
e. 6 1 SQUARE MILE CONTAINS OVER 25,000,000 SQUARE FEET. T 
R: 61.1 W: 23.9 ?: 15.0 A: 85.0 R/A: 71.9 
Student notes indicated that many laboriously squared 
5,280 and that some of these answered incorrectly because 
of errors of mu1 tiplication. The tenth grade made the poor-
est showing by a slight margin in this case. That fifteen 
per cent should be undecided seems excessive for a statement 
of this nature. 
*e.'l In ANGLE MEASURE, 1/60 OF A DEGREE EQUALS 1 SECOND. F 
R: 41.8 W: 51.'1 ?: 6.5 A: 93.5 R/A: 44.7 
This item unexpectedly proved to be a widespread mis-
conception. Incorrect responses were rather evenly spread 
through the grades, although the twel~th grade made the best 
showing. Undecided cases were even closer to an equal dis-
tribution. 
e.8 3(x -3y) = 3x - 3y 
R: 95.3 W: 2.8 ?: .1.9 A: 98.1 R/A: 97.1 
It was gratifying to the author that so f.ew were 
misled by this problem. The tenth grade made the poorest 
record in both the undecided and the incorrect categories, 
but. the small number of. cases tends to nullify the value 
o~ these observations. 
e. 9 IF THE THRD SIDES OF A TRIANGLE ARE EQUAL, THE 
THREE A.1TGLES MUST BE EQUAL. 
R: 95.7 W: 3.5 ?: o.8 A: 99.2 R/A: 96.3 
An overwhelming majority recognized this as a true 
statement and marked it correctly. The author realizes 
T 
F 
now that this item is too easy as it stands. It might have 
been worthwhile had the words "sides" and "angles" been 
interchanged. 
· ,.r •. 
0b 
e.lO T1!ERE A...ltE TWO TANGENTS TO A CIRCLE FROM A POINT 
OUTSIDE IT. 
R: 84.3 W: 12.1 ?: 3.6 A: 96.4 R/A: 87.4 
T 
The eleventh grade led in total incorrect answers, 
the tenth in use of the question mark. The number getting 
it wrong is very close to the average for all items and 
larger than one would expect for what seems to be a rel-
atively familiar statement. 
e.ll ONE SQUARE YARD EQ.UALS THREE SQUARE FEET. F 
R: 80.3 W: 16.3 ?: 3.4 A: 96.6 R/A: 83.1 
The tenth grade led in wrong answers, the eleventh 
in undecided cases, but the margins were not decisive. A 
separate breakdown on the basis of sex might have had in-
teresting results in this case. 
e.12 A CHORD LIES WHOLLY WITHIN A CIRCLE. 
R: 92.4 W: 5.6 ?: 2.0 A: 98.0 R/A: 94.2 
T 
The three grades had approximately equal percentages 
of incorrect answers, but the eleventh had the lowest, and 
also the fewest undecided oases. The students• concept of 
a chord would seem to be satisfactory on the basis of these 
results. It might be noted that the end points of the 
chord do not lie "within" the circle. 
e.l3 TWO ANGLES CAN BE SUPPLEMmTTARY WHEN BOTH ARE 
OBTUSE. 
R: 84.3 W: 10.5 ?: 5.2 A: 94.8 R/A: 88.8 
F 
The twelfth grade bad the fewest incorrect responses, 
while the tenth had as many question marks as the other two 
grades combined. One wonders whether "supplementar,y" or 
"obtuse" was the main source of difficulty. 
e.l4 A SECANT MAY CUT THE CIRCUMFERENCE .OF A CIRCLE F 
IN ONLY ONE POINT. 
R; 69.9 W: 22.2 ?: 7.9 A; 92.1 R/A: 75.8 
The eleventh grade had a few more incorrect responses 
than either of the other grades. The tenth used fewest 
question marks, actually about one fifth of the total. The 
R soore here is very close to the average for all the test 
items. 
e.l5 THE AREA. OF A CIRCLE IS GIVEN BY THE FORMULA 2lfr F 
R: 66.7 W:29.7 ?: 3.6 A: 96.4 R/A: 69.1 
A large number tripped over this one, over half of 
them being in the tenth grat\e. Two thirds of the undecided 
oases also were found in this grade. The author is at a 
loss to explain how so many failed to mark the right answer 
in this case. 
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e.l6 AW .ALGEBRAlC NUMBER CAN BE EITHER POSITIVE OR T 
NEGATIVE 
R: 91.1 W: 4.3 ?: 4.6 A: 95.4 
By coincidence, R/A has the same value as .!. in this 
case. Less than one fifth of the papers marked incorrectly 
belonged to the tenth grade. In number of question marks 
resorted to, the twelfth had the lowest percentage. 
e.l7 THE SQUARE OF THE SUM OF TWO NUMBERS EQUALS THE F 
SUM OF THEIR SQUARES. 
"R: 82.3 W: 13.2 ?: 4.5 A: 95.5 B./A: 86.2 
The twelfth grade had the best performance as only one 
error in every ten occurred on its papers, and it also had 
the smallest number of undecided responses. The number of 
incorrect answers was somewhat higher than the test average. 
e.l8 Il!' TWO COMPLEMENTARY ANGLES ARE EQUAL, EACH MUST T 
BE 45 DEGREES. 
R: 85.8 W: 13.0 ?: 1.2 A: 98.8 R/A: 86.7 
Tenth graders led the incorrect response category for 
this statement. Only one eleventh grade paper expressed 
indecision. It is unusual that so many failed to get this 
one right, for it looks like a harmless specimen. 
*&.19 THE SQUARE ROOT OF 3 IS APPROXIMATELY 0.17 32 F 
B: 40.3 W: 46.1 ?: 13.6 A: 86.4 R/A 46.6 
This case implies a misconception about the proper 
placement of the decimal point,and the results bea.r out 
how common it is. The twelfth grade led in failure to 
recognize this, and the tenth in the number of question 
marks which were encircled. Note particularly that the 
number of incorrect responses exceeded the number of an-
swers marked correctly. 
e.20 A SQUARE HAS A GREATER AREA THAN ITS INSCRIBED T 
CIRCLE. 
R: 84.6 W: 7.4 ?: s.o A: 92.0 R/!:92.0 
The tenth grade made the poorest record in each 
category in this case • . The twelfth had the best performance 
in each respect. R/A shows some interesting relationships 
here as a derived result. 
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Item 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
TABLE VIII 
TABULATIO!:T OF RESULTS FOR :PAGE "1" ITEMS 
No.w fow No.? %? %R %A 
98 15.2 90 14.0 70.8 86.0 
158 24.4 a 1.2 74.4 98.8 
216 33.4 47 7.2 59.4 92.8 
21 3.2 7 1.1 95.7 98.9 
20 3.1 12 1.9 95.0 98.1 
76 11.8 54 8.4 79.8 91.6 
36 5.5 29 4.5 90.0 95.5 
57 8.8 18 2.8 88.4 97.2 
. 198 30.6 151 23.4 46.0 76.6 
152 23.5 345 53.4 23.1 46.6 
87 13.5 21 3.2 83.3 96.8 
11 1.5 9 1.4 97.0 98.6 
106 16.4 125 19.3 64.3 80.7 
170 26.4 19 2.9 70.7 97.1 
33 5.1 19 2.9 92.0 97.1 
49 7.6 224 34.7 57.7 65.3 
40 6.2 87 13.5 80.3 86.6 
236 36.5 7 1.1 62.4 98.9 
228 35.3 212 32.8 31.9 67.2 
85 13.1 111 17.2 69.7 82.8 
%R/A 
82.4 
75.2 
63.9 
96.7 
96.8 
87.2 
94.2 
90.9: 
60.0 
49.6 
86.1 
98.3 
79.6 
72.8 
94.6 
88.3 
92.9 
63.1 
47.5 
84.1 
i_·· A; 
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A STRAIGHT LINE HAS TWO DIMENSIONS. F 
R: 70.8 W: 15.2 ?: 14.0 A: 86.0 R/A: 82.4 
The eleventh grade had the largest number of incorrect 
answers, but the difference was not significant. Over half 
of the undecided papers belonged to the tenth graders. The 
R/A score is several points above the average despite the 
relatively low R. 
A TRIANGLE HAS ONLY ONE ALTITUDE. F 
R: 74.4 W: 24.4 ?: 1.2 A: 98.8 R/A: 75.2 
This item tends toward being a common misconception, 
but the trend was not sufficiently pronounced. Tenth graders 
were the most gullible in this case, having just twice the 
incorrect responses found in the twelfth. There were only 
eight undecided in all. 
i.3 THE VALUE O:P :PI (OR 1T ) IS EXACTLY 3.14159 
R: 59.4 W: 33.4 ?: 7.2 A: 92.8 R/A: 63.9 
The eleventh grade made the least incorrect responses 
and used the fewest question marks. This test item might 
be termed a border line misconception for the results are 
too pronounced to be ignored, yet the value of R did not 
rea·ch significant proportions. 
F 
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i.4 :m A RIGHT TRIANGLE, THE HYPOTENUSE IS ALWAYS 
THE LONGEST SIDE. 
R: 95.7 W: 3.2 ?: 1.1 A: 98.9 R/A: 96.7 
Twenty-one papers failed to get this right, in an 
approximately proportional grade division. The eleventh 
~nd twelfth grades each had one paper marked undecided. 
T 
It is doubttul whether revision could have improved this 
item sufficiently, so rejection should have been practiced. 
ALL LINES ARE STRAIGHT LINES. F 
R: 95.0 W: 3.1 ?: 1.9 A: 98.1 R/A: 96.8 
Grade eleven led in the number of incorrect answers, 
the tenth in use of the question mark. Less than one paper 
in thirty failed to get this one right, so once again re-
straint on the part of the author was called for but not 
practiced. 
i.6 A MEDIA'N BISECTS THE SIDE TO WHICH IT IS DRAWN. T 
R: 79.8 W: 11.8 ?: 8.4 A: 91.6 R/A: 87.2 
The median concept seems to be a bit ha~ in the minds 
of the younger generation. The tenth grade had the largest 
number of both incorrect responses and cases of indecision, 
although for the former the three grades were all bunched 
in the twenties, with the twelfth grade making the best 
showing. 
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i.7 THERE ARE MORE THAN 5,000 FEET IN A MILE. T 
R: 90.0 W: 5.5 ?: 4.5 A: 95.5 R/A: 94.2 
The eleventh grade did best in having fewest incorrect 
responses and encircled question marks. This statement be-
longs at the elementar.y level, yet thirty-six papers denied 
that it was trne. 
i. 8 THE DIAMETER OF A CIRCLE IS ALSO A CHORD. 
R: 88.4 w: 8.8 ?: 2.8 A: 97.2 R/A: 90.9 
The twelfth grade had twice the percentages of the 
undecided papers found in the other two grades. Incorrect 
responses had approximately proportional distributions, the 
tenth grade being highest by a few. An easy item, yet 
marked incorrectly on nearly sixty papers. 
*i.9 THE EQUATION x2 = 2x HAS ONLY ONE ROOT. F 
R: 46.0 W: 30.6 ?: 23.4 A: 76.6 R/A: 60.0 
This indicates a common misconception about zero being 
a root of an equation. One paper in every three which bad 
a definite answer marked it incorrectly. The tenth grade 
had the moat incorrect responses by a sma11 margin, a11 of 
which means that the twelfth grade bad the best record. 
*i.lO AliT AREA OF 600 ACRES IS GREATER THAN 1 SQUA.."Tm MILE. F 
R: 23.1 W: 23.5 ?: 53.4 A: 46.6 R/A: 49.6 
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This proves to be a bona fide misconception although 
one teacher may have been right in terming it irrelevant to 
high school mathematics. The number of incorrect responses 
exceeded the correct ones and the two combined di!not equal 
the total of undecided oases. The grade distribution of 
both incorrect responses and encircled question marks was 
fairly proportional. 
i.ll ALL PARALLELOGRAMS ARE QUADRILATERALS. T 
R: 83.3 W: 13.5 ?: 3.2 A: 96.8 R/A: 86.1 
The total number of incorrect responses was only 
slightly below the average with approximately proportional 
division per grade. The eleventh grade did best in each 
category by a narrow margin. Cases of indecision did not 
predominate at any grade level. 
i.l2 THE AVERAGE OF THE SCORES 100, 90, AND 50 IS 75 F 
R; 97.0 W: 1.6 ?: 1.4 A: 98.6 R/A: 98.3 
This test item was expected to trip a greater number 
than it did. The eleventh grade did best, but the margins 
were not pronounced. On the basis of the results, this 
problem proved to be much too easy, and it should have been 
eliminated. 
1.13 1 MILE PER MINUTE EQUALS 88 FEET PER SECOND. T 
R: 64.3 W: 16.4 ?: 19.3 A: 80.7 R/A:79.6 
6 5 
Student notes showed that many involved calculations 
had faulty outcomes. Eleventh graders had the largest num-
ber of incorrect answers, while the tenth had over half of 
the total number of encircled question marks. 
i.l4 THE BISECTOR OF AN ANGLE OF A TRIANGLE ALWAYS F 
BISECTS THE OPPOSITE SIDE. 
R: 70.7 W: 26.4 ?: 2.9 A: 97.1 R/A: 72.8 
Another item which tends toward being a common mis-
conception. The tenth grade had the moat errors and omis-
sions. The twelfth grade compiled a better record than the 
eleventh in having lower percentages of both incorrect an-
swers and oases of indecision. 
1.15 F 
R: 92.0 W: 5.1 ?: 2.9 A: 97.1 R/A: 94.6 
The author feels that the thirty~three incorrect an-
swers and nineteen question marks are too many for this 
simple type problem. The tenth grade had two thirds of 
the question marks and nearly that large a proportion of 
the incorrect • 
i.l6 ONE HALF IS THE RECIPROCAL OF TWO. T 
R: 57.7 W: 7.5 ?: 34.7 A: 65.3 R/A: 88.3 
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That over one third encircled the question mark would · 
indicate that the reciprocal concept is unfamiliar, at least 
in the tenth grade at which level two thirds of the cases 
occurred. The incorrect responses had almost proportional 
grade distribution. 
i.l7 A CUBIC YARD CONTAINS 27 CUBIC FEET. T 
R: 80.5 W: 6.2 ?: 13.5 A: ~86.5 R/A: 92.9 
The author is convinced that this statement should be 
common knowledge and that there were far too many oases in 
the undecided column. These predominated in the tenth 
grade. There was a more proportional grade distribution 
of the incorrect responses. 
i.l8 AN ANGLE CANNOT BE GREATER THAN 180 DEGRD:S. F 
R: 62.4 W: 36.5 ?: 1.1 A: 98.9 R/A: 63.1 
Results stamp this as a fairly common misconception, 
especially since such a small number were undecided and so 
many had a definite conviction -- but the wrong one. How-
ever, it is not a misconception by the standards we have 
set up. The Tenth graders had more incorrect responses 
than the other two grades combined. The small number of 
question marks kept the R/A values in the neighborhood of 
R for this item. 
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*i.l9 A QUADRATIC EQUATION CONTAINS NO ~OWER OF THE 
UNKNOWN HIGHER THAN THE SECOND POWER. 
R: 31.9 W: 35.3 ?: 32.8 A: 67.2 R/A: 47.5 
T 
This item was certainly not expected to prove itself 
such a widespread misconception. Yet strangely enough, a 
smaller number had the correct answer than either that pro-
portion believing it false or being undecided about it. The 
twelfth gra.de bad 39% of its answers incorrect -- the tenth 
had nearly two thirds of the question marks found. 
i.20 A RADICAL IS AN !]1DICATED ROOT. 
R: 69.7 W: 13.1 ?: 17.2 A: 82.8 R/A: 84.1 
The tenth grade excelled in that it had less than one 
tenth of the incorrect responses, with the eleventh being 
a poor second. However, the tenth had nearly half of the 
question marks used. The R score is within one point of 
the average for all items. 
T 
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TABLE IX 
TABULATION Ol!' RESULTS FOR PAGE "s" ITP.liiS 
Item No.w 1lR No.? %? ~R fei&. foR LA 
1 229 35.5 281 43.5 21.0 56.5 38.3 
2 53 8.2 10 1.5 90.3 98.6 91.6 
3 67 10.3 8 1.2 88.5 98.8 89.5 
4 16 2.5 10 1.5 96.0 98.6 97.4 
5 196 30.4 108 16.7 52.9 83.3 63.4 
. 6 125 19.6 30 4.6 75.9 95.4 '19.4 
'1 47 7.3 31 4.8 87.9 95.2 92.3 
8 142 22.0 31 4.8 73.2 95.2 76.9 
9 121 18.7 109 16.9 64.4 83.1 77.4 
10 18 2.8 6 0.9 96.3 99.1 97.3 
11 193 29.8 231 35.8 34.4 64.2 62.4 
12 64 9.9 205 31.'1 58.4 68.3 85.4 
13 90 13.9 272 42.1 44.0 57.9 75.9 
14 291 45.0 8 1.2 53.8 98.8 54.3 
15 89 13.8 11 1.7 84.5 98.3 86.0 
16 201 31.2 145 22.4 46.4 77.6 59.5 
17 74 11.4 124 19.2 69.4 80.8 85.8 
18 24 3.7 5 o.a 95.5 99.2 96.2 
19 193 29.9 131 20.3 49.8 79.7 62.5 
20 126 19.5 69 10.7 69.8 89.3 78.1 
*s.l THE ABSCISSA IS THE DISTANCE FROM TRE X AXIS. F 
R: 21.0 W: 35.5 ?: 43.5 A:56.5 R/A: 38.3 
This is our leading misconception in that it has 
the lowest percentage of correct responses. The large number 
of question marks used was a more pronounced factor, however, 
than the number getting it wrong. The twelfth grade had 50% 
of its answers incorrect -- the tenth had half of the un-
decided papers. 
s.2 THE SQUARE OF AN OllD NUMBER IS ODD. T 
R: 90.3 W: 8.2 ?: 1.5 A: 98.5 R/A: 91.6 
The percentages of incorrect responses were approxi-
mately equal for the three grades, with the eleventh being 
best by a slight margin. The few question marks were dis-
tributed fairly proportionally. 
s.3 IF ONE ANGLE OF A TRIANGLE IS A BIGHT ANGLE, THE T 
OTHER TWO ARE ALWAYS COMPLEMENTARY. 
R: 88.5 W: 10.3 ?: 1.2 A: 98.8 R/A: 89.5 
The tenth grade was the leading offender in the in-
correct response column, the other two grades being in a 
virtual tie for second place. The concept of complementary 
angles seems to be the chief cause of the difficulty in 
this case. 
'/0 
s.4 THEBE ARE 144 SQUARE niCHES IN 1 SQUARE FOOT. T 
R: 96.0 W: 2.5 ?: 1.5 A: 98.5 R/A: 97.4 
This was an extremely easy one and the results were 
in line with expectations. Yet there were sixteen in-
correct responses with almost proportional grade distribu-
tion. This item would merit only rejection, for revision 
would be of little help. 
s.5 THE TERM ab 2 IS A BINOMIAl.. F 
R: 52.9 W: 30.4 ?: 16.7 A: 83.3 R/A: 63.4 
This item shows a strong tendency toward being e. 
common misconception. The eleventh grade had the best per-
formance as to correct responses and smallest proportion of 
cases of indecision. The tenth made the poorest record in 
both categories, and the distribution of marks showed a wide 
range for the three grades. 
s.6 THE SUM OF THE ANGLES OF ANY QUADRILATERAL EQUALS 
FOUR RIGHT ANGLES. 
R: 75.9 W: 19.5 ?: 4.6 A: 95.4 R/A: 79.4· 
T 
The tenth grade had almost half of the incorrect re-
sponses. The twelfth used the smallest number of question 
marks, both the tenth and the eleventh having twice as many. 
This statement proved to be much more difficult than had 
been expected. 
s.7 A CUBE HAS SIX FACES. T 
R: 87.9 W: 7.3 ?: 4.8 A: 95.2 R/A: 92.3 
Nothing difficult here, yet forty-seven marked it in-
correctly. The smallest number of these occurred among 
twelfth grade papers. The tenth and eleventh each bad 
approximately twice as many. The twelfth had lese than 
one sixth of the question marks used. 
s.a T 
R: 73.2 W: 22.0 ?: 4.8m A: 95~2 R/A: 76.9 
This identity proved especially puzzling to tenth 
graders, !bo provided well over half of the undecided papers 
and almost half of the incorrect responses. The author had 
hesitated before including this test item, wondering if any 
one would fail to get it right. 
e.9 THE CIRCUMFERENCE OF A CIRCLE IS LESS THAN THREE F 
TIMES ITS l!l!AMETER. 
R: 64.4 W: 18.7 ?: 16.9 A: 83.1 R/A: 77.4 
The largest proportion of incorrect answers came in 
the twelfth grade, the smallest in the eleventh. The tenth 
grade had half of the question marks found. The R/A score 
displays a considerable increase over R because of the many 
tmdecided cases. 
s.lO 0.3 = 3/10 T 
R: 96.3 W: 2.8 ?: 0.9 A: 99.1 R/A: 97.3 
Not many sixth graders would miss such a problem, yet 
eighteen senior high school students managed to do so. No 
particular grade stood out in this category, but in regard 
to question marks, the eleventh deserves mention for having 
none. 
*s.ll LOGARITHMS CAN BE USED ONLY FOR MULTIPLICATION, F 
AND DIVISION. 
R: 34.4 W: 29.8 ?: 35.8 A: 64.2 R/A: 52.4 
This item proved to be a common misconception, although 
more students admitted indecision than the number who marked 
it incorrectly (or correctly). In the twelfth grade 46% 
had incorrect responses, and only 4% in the tenth. This was 
more than offset by the ~act that 89% of the tenth grade 
papers used the undecided column ! 
s.l2 THE SINE OF AN ANGLE OF 30 DEGREES IS EQUAL TO 
THE COSINE OF AN ANGLE OF 60 DEGREES. 
R: 58.4 W: 9.9 ?: 31.7 A: 68.3 R/A: 85.4 
Fer~ormance was better than was expected in this case 
T 
in that relatively few students had incorrect answers. 
Exactly half of these were in the tenth grade. More than 
half of the encircled question marks were found on eleventh 
grade papers, with the twelfth grade having the smallest 
proportion. 
*s.13 A LITER HAS A GREATER VOLUME THAN A QUART. T 
R: 44.0 W: 13.9 ?: 42.1 A: 57.9 R/A: 75.9 
This common misconception is a rather synthetic ex-
ample in that relatively few believed it to be a false 
statement. However, the large number of undecided cases 
cannot be ignored. Over half of these were tenth graders, 
while 19% in the twelfth grade answered incorrectly to lead 
in that categor.1. 
s.14 2 3 5 X t X : X 
• 53.8 W: 45.0 
MUGAR MEM ORIAL LIBRARY 
?: 1.2 A: 98.8 R/A: 54.3 
1ed becoming a misconception although 
~nts had incorrect answers. These 
I grade division, the smallest per-
~e twelfth and the largest in the 
~or so simple a problem offers one 
o many gray-haired algebra teachers 1 
s.l5 .ALL :POLYGONS HAVE FIVE SIDES. F 
R: 84.5 W: 13.8 1: 1.7 A: 98.3 R/A: 86.0 
Strangely enough, eighty-nine students thought this 
statement true, the largest half being eleventh graders. 
The eleventh grade, however, had only two question marks 
encircled for the best score in that department. 
*s.l6 5 , 7, and 9 ARE :PRIME NUMBERS. F 
R: 46.4 W: 31.2 ?: 22.4 A: 77.6 R/A: 59.5 
T'hese reeul ts indicate a widely held misconception 
about prime numbers, although some students were no doubt 
misled because the three examples were all odd numbers. 
The eleventh grade papers compiled the best record both 
in the smallest number of incorrect answers and the fewest 
oases of indecision. 
s.l7 A CENTIMETER IS SMALLER TR.UT AN INCH. T 
R: 69.4 W: 11.4 ?: 19.2 A: 80.8 R/A: 85.8 
The author felt almost sure that he had a misconception 
in the making, but the results proved otherwise. Grade 
distribution of marks was fairly proportional for this item 
exoept that the tenth grade had a large majority of the 
undecided cases. 
s.18 .ALI, ISOSCELES TRIANGLES ARE ALSO RIGHT TRIANGLES. F 
R: 95.5 W: 3. '1 ?: o.8 A:99.2 R/A: 96.2 
Results were very good in this ease. No eleventh 
grade paper and only one tenth grade paper had the question 
mark encircled. The twelfth had the lowest percentage of 
incorrect responses, followed by the tenth. 
*s.19 THE SINE OF AN ANGLE IS THE RATIO OF THE 
ADJACENT SIDE TO TRE HYPOTENUSE. 
R: 49.8 W: 29.9 ?: 20.3 A: '19.'1 R/A: 62.5 
F 
This proved to be a misconception item by a very slim 
margin. The twelfth grade had 12% of its answers incorrect, 
while the eleventh had 40% incorrect. The eleventh grade 
also had 35% of its answers in the undecided column. 
s.20 IF ONE SIDE OF A SQUARE IS ONE ITS DIAGONAL IS TWO. F 
11: 69.8 W: 19.5 ?: 10.'1 A: 89.3 R/A: '18.1 
The twelfth grade had 10% of its answers incorrect, 
while the tenth and eleventh each had about two fifths of 
the total number. The smallest number of undecided cases 
occurred in the twelfth, the largest in the tenth grade. 
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TABLE X 
TABULATION OF RESULTS FOR PAGE "x" ITEMS 
Item Uo.W f2w No.? f2? ~R f_o! ~RLA 
1 131 20.3 131 20.3 59.4 79.7 74.6 
2 198 30.6 39 6.0 63.4 94.0 67.3 
3 323 50.0 7 1.1 48.9 98.9 49.4 
4 201 31.1 25 3.9 65.0 96.1 67.6 
5 173 26.8 2'19 33.9 39.3 66.1 59.4 
6 102 15.8 88 13.6 . 70.6 86.4 81.7 
7 182 28.2 119 18.4 53.4 81.6 65.4 
8 102 15.8 3 0.5 83.7 99.5 84.1 
9 131 20.3 16 2.5 77.2 97.5 79.2 
10 173 26.8 150 23.2 50.0 76.8 65.0 
11 306 47.3 13 2.0 50.7 98.0 51.7 
12 70 10.8 8 1.2 88.0 98.8 89.0 
13 206 31.9 71 I 11.0 57.1 89.0 64.1 
14 274 42.5 198 30.6 26.9 69.4 38.9 
15 84 13.0 16 2.5 84.5 97.5 86.7 
16 107 16.6 179 27.7 55.7 72.3 77.0 
17 24 3.7 16 2.5 93.8 97.5 96.2 
18 21 3.3 1 0.2 96.5 99.8 96.7 
19 139 21.5 20 3.1 75.4 96.9 75.2 
20 184 28.5 257 39.8 31.7 60.2 52.7 
x.l. A TEMPERATURE CHANGE OF 1 DEGREE CENTIGRADE IS 
LESS THAN ONE OF 1 DEGREE FAHRENHEIT. 
F 
R: 59.4 W: 20.3 ?: 20.3 A: 79.7 R/A: 74.6 
The incorrect and the undecided columns each totaled 
131 in this case and the twelfth gTade had the best record 
in each category. Eleventh grade papers contained the 
greatest amount of incorrect responses, whereas the tenth 
used the largest number of question marks, over half of 
the total. 
x.2 0 IS A NUMBER. T 
R: 63.4 W: 30.6 ?: 6.0 A: 94.0 R/A: 67.3 
Incorrect responses had a fairly proportional pattern 
of distribution, the eleventh grade having the smallest per-
centage. Exactly the s~me observations can be made in re-
gard to question mark usage. 
*x.3 2 t 3 X 4 = 20 
R: 48.9 W: 50.0 
F 
?: 1.1 A: 98.9 R/A: 49.4 
This is a good type of misconception item in that it 
has a very high ratio of incorrect answers as compared to 
question marks. The eleventh gTade compiled the . best record 
in both of these categories, and the tenth had the poorest 
for each. 
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x.4 THE HOUR HAND OF A CLOCK MOVES THROUGH ONE 
STRAIGHT ANGLE IN TWELVE HOURS. 
R: 65.0 W: 31.1 ?: 3.9 A: 96.1 R/A: 67.6 
F 
As many student comments brought out, either answer 
might be said to apply in this case. The qualifYing words 
"at least" before "one straight angle" would have been an 
improvement. The author planned and scored the item as 
false, and the majority of papers agreed. The twelfth 
grade did best in all categories. 
*x.5 THE SINE OF AN ANGLE OF 90 DEGREES IS 0. 
R: 39.3 W: 26.8 ?: 33.9 A: 66.1 R/A: 59.4 
The number of undecided cases exceeded the total of 
incorrect answers to help make this a misconception. The 
eleventh grade had the smallest number of incorrect re-
sponses by a slim margin but was guilty of nearly half 
of the question marks ·found. 
x.6 THE EQUATION x 2 : 9 HAS TWO ROOTS. T 
R: 70.6 W: 15.8 ?: 13.6 A: 86.4 R/A: 81.7 
The twelfth grade compiled the best record in having 
85% of its answers correct. It also had only three of a 
total of eighty~eight question marks used, whereas the tenth 
grade had three fourths of them. 
x.7 IN THE :PROBLEM 9 - 4 : 5, 9 IS THE MINUEND. T 
R: 53.4 W: 28.2 ?: 18.4 A: 81.6 R/A: 65.4 
This item, which was just a few pointe short of the 
misconception class, took the heaviest toll in wrong an-
swers in the eleventh grade. By way of compensation it 
had the fewest undecided cases, the category in which the 
tenth gra.de led. 
:x:. 8 4x3x0: 0 T 
R: 83.7 W: 15.8 ?: 0.5 A: 99.5 R/A: 84.1 
Sixty per cent of the incorrect answers were given by 
tenth graders for this problem. The twelfth grade had a 
perfect score in respect to undecided cases, the tenth 
grade having most. 
x.9 6 : 3 = 2 : 0 
R: 77.2 W: 20.3 ?: 2.5 A: 97.5 
F 
R/A: 79.2 
The tenth grade had nearly half of the incorrect re-
sponses, of which the twelfth had least. Grade twelve 
papers had but one question mark, and the tenth was guilty 
of three fourths of the total. 
8 0 
-2 (lO) = o.o1 *x.lO T 
R: 50.0 W: 26.8 ?: 23.2 A: 76.8 E/A: 66.0 
Exa.atly fifty per cent of the students bad the right 
answer, so We may call this a misconception. Three fourths 
of the undecided papers belonged to the tenth grade; as did 
almost half of the incorrect responses. A total of twelve 
students in the tenth grade had the correct answer, indioat- 1 
ing tba.t they had not yet become familiar with negative ex-
ponents. 
x.ll DIVIDING BY t GIVES A LARGER QUOTIENT THAN F 
DIVIDING BY z 
R: 50.7 W: 47.3 ?: 2.0 A: 98.0 · E/A: 51.7 
Too many testees ~ust have thought they were dividing 
by two and four respectively rather than inverting the 
fraction and muJ. tiplying. The twelfth grade had the lowest 
percentage of incorrect responses, while the tenth and the 
eleventh were virtually tied with over fifty per cent (6o%) 
for each. 
x.12 THE PRODUCT OF TWO QUMTTITIES HAVING NEGATIVE l!' 
SIGNS IS NEGATIVE 
R: 88.o W: 10.8 ?: 1.2 A: 98.8 R/A: 89.0 
81 
Nearly two thirds of the incorrect responses fell to 
the tenth grade. The twelfth made the best record in this 
respect. Not a single twelfth grader resorte.d to the ques-
tion mark. 
x.l3 t IF (a) = 4, THEN a = 16 T 
R: 57,1 W: 31.9 ?: 11.0 A: 89.0 R/A: 64.1 
The tenth grade demonstrated a lack of ~amiliarity 
with fractional exponents. Ita papers contained over half 
of the incorrect responses and over two thirds of the en-
circled question marks. The twelfth grade did best in 
both of these categories. 
*x.l4 THE CUBE ROOT OF -1 IS IMAGINARY. F 
R: 26.9 w: 42.5 ?: 30.6 A: 69,4 R/A: 38.9 
Various student comments pointed out that this statement 
should have called for the principal cube root or at least 
should have used "a" in place of "the". Therefore, it is 
a misconception of a rather arbitrary nature. The tenth 
grade had about ·one ninth of the incorrect responses, but 
two thirds of the undecided oases. 
x.l5 A SQUARE WITH SIDE TWO HAS A PERIMETER OF 4 
R: 84.5 W: 13.0 ?: 2.5 A: 97,5 R/A: 86.7 
The tenth grade was guilty of more than half of both 
the incorrect answers and the question marks used. The 
twelfth grade had the beat performance in respect to the 
proportion of correct responses. 
x.l6 A METER IS LESS THAN A YARD. F 
R: 55.7 W: 16.6 ?: 27.7 A: 72.3 R/A: 77.0 
The twelfth grade had the best score in both sections: 
the smallest proportion of incorrect responses and of ques-
tion marks. The tenth had the highest total in each re-
spect, having about half of each. 
x.l7 0.5 FOOT EQUALS 5 INCHES. F 
R: 93.8 W: 3.7 ?: 2.5 A: 97.5 R/A: 96.2 
Results were very good for an item which could have 
been more confusing. The twelfth grade was outstanding in 
each category, the tenth the poorest. Only one twelfth 
grade paper expressed indecision. 
x.lB A T~TGEr:TT CAtT RAVE ONLY O~TE :POINT OF CONTACT T 
WITH A CIRCLE. 
R: 96.5 W: 3.3 ?: 0.2 A: 99.8 R/A: 96.7 
d3 
The tenth grade had the highest total for incorrect 
answers, while the twelfth grade's proportion was the lowest. 
This statement had the lowest number of undecided cases of 
the one hundred test items, being a solitary question mark 
in grade ten. 
x.l9 6 a 
W: 21.5 
T 
?: 3.1 A: 96.9 R/A: 75.2 
The tenth grade led the incorrect answer column with 
half of the total, the eleventh having fewest. The tenth 
grade led also in encircled question marks, having eighty-
~ive per cent of them. 
*x.20 A POUND WEIGHS MORE THAN A KILO GRAM. F 
R: 31.7 W: 28.5 ?: 39.8 A: 60.2 R/A: 52.7 
Thi a item proved to be a miscon.ception although the 
number of question marks exceeded the incorrect answers. 
The latter had fairly proportional grade division, the 
tenth grade record being the best. The same grade led, 
however, in undecided cases with nearly half of the total. 
\ 
CHAPTER V 
CONCLUSIONS AND SUGGESTIONS FOR FURTHER RESEARCH 
Misconceptions in mathematics were found to be common 
in grades ten, eleven, and twelve. Eighteen misconceptions 
were discovered by using 50% or less correct answers as the 
criterion. Eight of these were in the field of arithmetic, 
five in algebra, three in geometry, and two in trigonometry. 
Four of those in arithmetic compared units of measure, two 
in algebra were concerned with equations and two with roots 
and powers of quanti ties, while the two in trigonometry per-
tained to the size of an angle. Each of the others applied 
as an individual illustration of a topic in its field. 
The results obtained from the total of 646 test papers 
showed 70.5% correct answers, 18.6% incorrect, and 11.1% 
, undecided. The boys had 72.3% of their answers correct, 
while the girls had a score of 65.8%; the girls showed more 
caution, however, in that 14.3% of their answers were in the 
undecided column as compared to 9.7% for the boys. 
The scores made in each grade indicate that miscon-
ceptions become less pronounced from the tenth grade to the 
twelfth. It is evident ,also, tbat the number of cases of 
indecision decreases progressively in the same order. It 
mnst be noted ,too, that some items in elementary arithmetic 
BS 
are misconceptions at the senior high school level. 
Although the scope of this study did not seek out the 
proper grade placement of remedial work in mathematics, the 
results indicate a pronounced need for it in the tenth grade. 
Consequently, the need must have been growing in the ninth 
gra.de and in the preceding years. The author will never 
forget a college teacher who frequently insisted that his 
chemistry students were having a hard time because they 
didn't know their fifth grade arithmetic. All this does not 
mean to imply that remedial work in mathematics must stop at 
the end of the tenth grade -- it should prove effective in 
the eleventh and twelfth grades also. The trend toward re-
fresher courses in mathematics in the senior year of high 
school and the freshman year of college lends emphasis to 
this observation. 
Further research on misconceptions in mathematics should 
prove increasingly valuable as more is learned in this un-
explored field. A more effective testing instrument is 
called for, with better individual items as the material for 
the misconceptions. More rigid selection and more nearly 
equal distribution of students per grade would present more 
conclusive evidence, and the merits of a timed test might be 
considered. 
Misconceptions might well be considered in their relation 
to different variables such as sex, age, number of math-
ematics courses taken, and others. The author intended 
b6 
to do more in this line but variou~ considerations, especially 
the excessive amount of extra work involved, discouraged it. 
Mathematical misconceptions might be investigated at 
any level from the elementary grades through college. Also, 
they might be more closely tied with related science subjects, 
for the author regretted the need to exclude so many fine 
examples of misconceptions which seemed to belong more to 
physics than to mathematics. 
To avoid the charge of being "misconception happy", the 
author hopes that a greater amount of work will be done on 
mathematical concepts at all 1evels. A few textbooks have 
made wortby beginnings in this field. Quick methods of 
checking answers in mathematics for plausibility should 
prove an interesting and worthwhile topic. 
The sad feature of research work seems to be the diffi-
culty which every beginner experiences in finding a suitable 
problem and the profusion of attractive side avenues which 
beckon one who approaches the end of his investigations. 
Ferhaps, too, every one who concludes his research project 
feels the same need to apologize that more and better work 
was not done. 
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APPJmDIX 
MATHEMATICAL QUESTIONNAIRE FOR GRADES TEN, ELEVEN, AND TWELVE. 
SCHOOL: ______________________ _ 
___ (Years); 
---
'Months)o SEX: (Encircle) 
GRADE: (Encircle) 10 11 12 PRESENT MATH COURSE: 
MATHEJ:v1ATIC S COURSES TAKEN~ (include present one} 
Grade 11: Grade 9: 
Grade 10: Grade 12: 
INSTRUCTIONS FOR TEST 
M F 
.....,..._ ___ _ 
The test which follows contains one hundred items. Your 
score will not affect your mar~ in your mathematics course. If 
the test item is entirely true, encircle the "T" preceding it. If 
any part of an item is false, encircle the ''F". You aren't ex-
pected to know all the material in this test. Do not guess whether 
an item is true or false; if you do not know, encircle the q_uestion 
mark,. 
SA.MPLE ITEMS 
Two straight lines can intersect in one point only. 
g = 1 3 
-.... ·.u = 1 l ,... 
0 6 3 
Do not spend too much time on any one item--go on to the 
others and come back to it later. Try to answer all of the one 
hundred items by the end of the period. You may use the space at 
the bottom of the test pages for any necessary computations. 
Do not turn the page until you are told. 
T ? F 
T ? F 
T ? F 
T ? F 
T ? F 
T ? F 
T ? F 
T ? F 
T ? F 
T ? F 
T ? F 
T ? F 
T ? F 
T ? F 
T ? F 
T ? F 
T ? F 
T ? F 
T ? F 
T ? F 
A straight line has two dimensions. 
A triangle has only one altitude, 
The value of pi (or~) is exactly 3.14159 
In a right triangle, the hypotenuse is always the longest 
side., 
All lines are straight lines. 
A median bisects the side to which it is drawn. 
There are more than 5,000 feet in a mile, 
The diameter of a circle is also a chord. 
2 The equation x - 2x has only one rooto 
An area of 600 acres is greater than 1 square mile. 
All parallelograms are quadrilaterals. 
The average of the scores 100, 90, & 50 is ?5 
1 mile per minute e quals 88 feet per second. 
The bisector of an angle of a triangle always bisects the 
opposite side'1 
(1) 2 = 2 
One half is the reciprocal of t woo 
A cubic yard contains 2? cubic feet. 
An angle cannot be greater than 180 degrees. 
A quadratic equation contains no power of the unknown 
higher than the second power. 
A radical is an indicated root. 
i 
T ? F The abscissa is the distance from the X axis. 
T ? F The s~uare of an odd number is odd. 
T ? F If one angle of a triangle is a right angle, the other two 
are always complementary .. 
T ? F There are 144 s~uare inches in 1 s~uare foot. 
T ? F The term ab2 is a binominal. 
T ? F The sum of the angles of any ~uadrilateral eQuals four 
right angles. 
T ? F A cube has six faces. 
T ? F The circumference of a circle is less than three times its 
diameter. 
T ? F 0.3 = ;:2 · 
10 
T ? F Logarithms can be used only for multiplication and divi-
sion. 
T ? F The sine of an angle of 30 degrees is e~ual to the cosine 
of an angle of 60 degrees. 
T ? F A liter has a greater volume than a ~uart. 
T ? F x~~~ x3 = x5 
T ? F All polygons have five sides. 
T ? F 5, ?, and 9 are prime numbers. 
T ? F A centimeter is smalle.r than an inch. 
T ? F All isosceles triangles are also right triangles. 
T ? F The sine of an angle is the ratio of the adjacent side to 
the hypotenuse. 
T ? F If one side of a s~uare is one its diagonal is two. 
s 
T ? F A temperature change of l degre~ Centigrade is less than 
one of 1 degree Fahrenheit. 
T ? F 0 is a number. 
T ? F 2 + 3 X 4 = 20 
T ? F The hour hand of a clock mov es throug h one straight angle 
in twe l ve hours., 
T ? F The sine of an angle of 90 degrees ~s 0 
n F mh t' 2 9 h t t T r 1 e equa 10n x - . as wo rqo s. 
T ? F In the problem 9 - 4 - 5, 9 is the minuend. 
T ? F 4 X 3 X 0 - 0 
T ? F 6 3 2 0 
-2 
T? F (10) : 0.01 
T ? F Dividing by i g ives a larger quotient than dividing by t 
T ? F The product of t wo quantities h aving negative signs is 
negative • 
.1. 
T ? F If (a) 2 = 4 then a : 16 
T ? F The cube root of -1 is imag inary. 
T ? F A square with side 2 has a perimeter of 4 
T ? F A meter is less than a yard. 
T ? F 0.5 foot equals 5 inches. 
T ? F A tang ent can have only one point of contact witJ;l a circle. 
T ? F (a3)2 = a6 
T ? F A pound weighs more than a k ilogram. 
X 
T ? F 
T ? F 
T ? F 
T ? F 
T ? F 
T ? F 
T ? F 
T ? F 
To find 5% of a number multiply it by Oo05 
The sides of a central angle must be radii of the circle. 
0 -t2 X 3: 0 
In a 30-60 deg:t·ee right trinagle ~ the shorter sj_de is i 
the hypotenusee 
x6 - x4 
-2 -X 
A bushel is larger than a cubic foot. 
Similar triangles are congruent. 
T ? F The diag:onals of a parallelogram are equal. 
T ? F Squaring a number less than one makes it larger. 
T? F · Two parallel lines can be perpendicular to the same 
straight line. 
T ? F Two circles are concentric if they have the same center 
but different radii. 
T ? F The diameter of a circle is twice the radius. 
T ? F The sum of the angles of a pentagon equals 5 right angles. 
T ? F If d = rt then r = t 
d 
T ? F · -2 is a root of the equation x3 - 2x2 = 0 
T ? F The graph of a linear equation is a strai ght line. 
T ? F A kilometer is longer than a mileo 
T ? F x to the zero power equals zeroo 
T ? F Two is one third of six. 
c 
T ? F 
' T ? F 
T ? F 
T ? F 
T ? F 
T ? F 
T ? F 
T ? F 
T ? F 
T ? F 
T ? F 
T ? F 
T ? F 
T ? F 
T ? F 
T ? F 
T ? F 
T ? F 
T ? F 
T ? F 
The origin lies on both the X and the Y axes. 
One half of one fourth is one eighth. 
2 is equal to 0.666 
3 
Two sides of a triangle cannot be parallel. 
Equal figures have the same size and ffi1ape . 
1 square mile contains over 25,000,000 square feet. 
In angle measure, -1 of a degree equals one second. 
60 
3(x - 3y) = 3x - 3y 
If the three sides of a triangle are equal, the three 
angles must be equal. 
There are two tangents to a circle from a point outside it. 
One square yard equals three square feet. 
A chord lies wholly within a circle. 
Two angles can be supplementary when both are obtuse. 
A secant may cut the circumference of a circle in only one 
point. 
The area of circle is given by the formula ~r 
An algebraic number can be either positive or negative. 
The square of the sum of two numbers equals the sum of 
their squares. 
If t wo complementary angles are equal, each must be 45 
degrees. 
The square roo t of 3 is approximately 0.1732 
A square has a greater area than its inscribed circle. 
e 
